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I. INTRODUCTION 
           The study of ion-acoustic solitary waves in different plasma models have been going on which begins 

several decades back with the works of Washimi and Taniuti
[1]

. This type of ion-acoustic solitary waves in 

plasma arises due to the balance of non-linearity and dispersion which are described by the Korteweg-de-

Vries(KdV)
[2]

 equation. Beginning with Washimi and Taniuti, a numerous works by many authors have been 

done during last decades in relativistic 
[3-5]

 and non-relativistic
 [6-8]

 plasmas. In relativistic plasma, speeds of the 

particles are very high which are comparable to those of speed of light. Therefore relativistic effects played an 

important rule in the formation as well as propagation of solitary waves. Malik et al investigate the effect of ion-

drift velovity in the existence of ion-acoustic solitons in relativistic plasma. Nejoh
[3]

 had analysed relativistic 

effects on large amplitude ion-acoustic waves in two fluid plasma. Kalita et al 
[9, 10]

 studied about the existence 

of relativistic solitons with electron inertia.  

 

        Almost all of the studies of the non-relativistic and relativistic environments, the plasma models are 

considered as uniform (homogeneous) in which ion-acoustic waves travelwithout change in amplitude, shape 

and speed. As homogeneity is a special kind of inhomogeneity and hence the plasma in all situations, is to some 

extent non-uniform (inhomogeneous) where solitons are altered as it propagates. The relativistic effects on the 

propagation of solitons in this type of inhomogeneous plasma are not so much considered till now except a few. 

G. C. Das et al
[11]

 observed various forms of spiky and explosive solitary waves in relativistic space-plasma. 

Relativistic solitary waves in an inhomogeneous plasma with two dimensional particle-in-cell simulation have 

been studied by Sentoku et al
[12] 

. An investigation of the form of obliquely incident wave on a plane parallel 

layered inhomogeneous relativistic inhomogeneous plasma was made by Bourdier
[13]

 in 1983. To the best of our 

knowledge, further studies of solitary wave propagation in the relativistic inhomogeneous plasma have never 

been undertaken. Therefore, in this paper we investigate the effect of relativistic components in the propagation 

of ion-acoustic solitary waves in inhomogeneous plasma. The investigation is based on the inclusion of ion-drift 

velocity only and its other components are considered as non-relativistic. We have derived a modified KdV 

equation in relativistic inhomogeneous plasma with density gradient of the ions. The reductive perturbation 

analysis
 [14]

 of fluid equations is carried out by employing a set of ‘stretched coordinates’ appropriate for 

spatially inhomogeneous plasma. 

 

II. BASIC EQUATIONS 

        We have considered unmagnetised, inhomogeneous and collisionless plasma having weakly relativistic 

effect together with thermal electrons. We also consider the ionization free environment of the plasma. The 

continuity and momentum equation for this plasma model with Poisson equation are as follows: 

                             

                     + nu  = 0
n

t x

 

 
                                                                                                    (1) 
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 is relativistic factor for a weakly relativistic plasma. We have normalized 
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, the electrostatic potentials  by    
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     where  bK  is the Boltzman constant. 

 

III. DERIVATION AND SOLUTION OF THE MODIFIED KDV EQUATION 

         Using a set of spatial stretched coordinates
 [15],

 which is appropriate for specially inhomogeneous plasma, 

along with the zeroth order fluid velocities as  
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where ε is expansion parameter and 0  is the phase velocity of the ion-acoustic wave. 

Since   0n  and  0   are independent of t, we have 
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Substituting equations (4) into equations (1) – (3) we get 
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To employ the reductive perturbation technique 
[1]

, the plasma parameters n, u and   are expressed as a power 

series in as 

               

2 3

0 1 2 3

2 3

0 1 2 3

2 3

0 1 2 3

 = n .....................

 = .....................

 = + .......................

n n n n

u u u u u

  

  

      

   


    


   

                                                                    (9)  

where 0n  0u  and  0  are the plasma parameters in unperturbed state.  

From equations (6) – (7), we get zeroth-order equations as 
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Using (5) in above equations, we get 
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 Now using (9) into equations (6) – (8)  the lowest order coefficients in   together with equations (5) and (13) 

we get 
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Integrating these equations and using boundary conditions 

0 0 1 1 1, 0,   u n u     and   0 0, 1n    as      
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Using equation (17) with simple algebra, we get 
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In equation (19) we see that the left hand side is a first order perturbation while the right hand side contains only 

zeroth-order quantities. Thus, in order to obtain nonsecular solution of , numerator and denominator of 

equation (19) must be equal to zero separately
 
. These yields 
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Which is a self consistent relation between   0n  and    0u .                               

For second order of , i.e.  2O  , we obtain the following equations 
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Using equation (20), we can eliminate all the second- order quantities from the above three equations exactly. 

Substituting for 
1n  and 

1u  in terms of  
1  from equation (17) into equations (22) - (24), we get the following 

modified KdV equation as 
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Eq. (25) is a modified form of the KdV(mKdV) equation. This equation contains a term with variable 

coefficients as well as an additional term containing density gradient. The nonlinear coefficient P  and the 

dispersion coefficient Q  depend on the density inhomogeneity and the relativistic factor . The additional term 

with coefficient R  arises due to the density gradient in the plasma. 

 

IV. SOLUTION OF MKDV EQUATION 

         In order to obtain the solitary wave solutions of Eq. (25), we use the transformation   1 0exp Rn    

to get the well known KdV equation 
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  where  1 0expP P Rn  . 

To solve the Eq. (27), we introduce a new variable X U    with respect to a frame moving with 

velocityU . We have obtained the solution of this equation following the method of Kodama and Taniuty
[16]

 as  
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V. RESULTS AND DISCUSSION 

         From the solution (28), we observe that the soliton amplitude is directly proportional to the relativistic 

factor . Therefore the increase (decrease) of relativistic factor   increases (decreases) the amplitude of the 

solitary wave. Also the width of the solitary wave is inversely proportional to the relativistic factor .  So the 

increase (decrease) of relativistic factor   decreases (increases) the width of the solitary wave. From the 

additional term with coefficient C, we can conclude that the gradients have to be in opposite direction of 

relativistic factor  . Along the density gradient the amplitude and the velocity of the soliton decreases whereas 

the width increases. 

 

VI. CONCLUSION 
      We have presented a study of the nonlinear ion acoustic solitary waves in inhomogeneous relativistic 

plasma. By employing reductive perturbation method together with stretched variables for space and time, we 

have derived a mKdV equation with variable coefficients. For numerical results of the ion acoustic soliton 

propagation, the solution of mkdV equation is obtained as given by Kodama and Taniuty [
16]

. In the present 

plasma model, only rarefactive solitons are observed.   
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