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I. INTRODUCTION AND PRELIMINARIES 
For the sake of conciseness of the paper we have used the following notations 

ℕ ≔ {1,2,3, … };    ℕ0 ≔ ℕ ∪ {0} = {0,1,2,3, … };   ℤ ≔ {0,±1,±2,±3,… };    ℤ− ≔ {−1,−2,−3,… }; 
ℤ0
−: = ℤ− ∪ {0} = {0, −1,−2,−3,… }; and ℤ:= ℤ0

− ∪ ℕ; 
 

where the symbols ℕ and ℤ are the set of natural numbers and set of integers respectively, the symbols ℝ and ℂ 

are the set of real numbers and set of complex numbers respectively. 

 

The Pochhammer symbol (α)p, (α, p ∈ ℂ), is defined by  

 

(α)p: =
Γ(α + p)

Γ(α)
=

(

 
 
 
 
 

1, (p = 0; α ∈ ℂ\{0})

α(α + 1)⋯ (α + n − 1), (p = n ∈ ℕ; α ∈ ℂ\ℤ0
−)

(−1)nk!

(k − n)!
, (α = −k; p = n; n, k ∈ ℕ0; 0 ≤ n ≤ k)

0, (α = −k; p = n; n, k ∈ ℕ0; n > k)

(−1)n

(1 − α)n
, (p = −n; n ∈ ℕ; α ∈ ℂ\ℤ).

 

    (1.1) 

It being understood conventionally that (0)0 = 1, and assumed tacitly that the Gamma quotient exists. 

 

If 𝑎, 𝑝 ∈ ℂ and 𝑟 = 0,1,2,3, …, then  

 

𝑎 + 𝑝𝑟 =
𝑎(
𝑎+𝑝

𝑝
)
𝑟

(
𝑎

𝑝
)
𝑟

, such that each Pochhammer symbol is well defined. (1.2) 

(𝛼)𝑚+𝑛 = (𝛼)𝑚(𝛼 + 𝑚)𝑛 = (𝛼)𝑛(𝛼 + 𝑛)𝑚, (1.3) 

Γ(𝑧 + 1) = 𝑧Γ(𝑧).  (1.4) 

The generalized hypergeometric function of one variable  𝑝𝐹𝑞 is defined by  
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           p𝐹𝑞 [

𝛼1, 𝛼2, … , 𝛼𝑝;

𝑧
𝛽1, 𝛽2, … , 𝛽𝑞;

] =  p𝐹𝑞 [

(𝛼𝑝);

𝑧
(𝛽𝑞);

] = ∑∞𝑛=0
∏
𝑝
𝑗=1 (𝛼𝑗)𝑛

∏
𝑞
𝑗=1

(𝛽𝑗)𝑛

𝑧𝑛

𝑛!
,  (1.5) 

where, (αp) is a set of parameters α1, α2, ⋯ , αp with similar interpretation for (βq). By convention the empty 

product is treated as unity and empty sum is treated as zero, p, q ∈ ℕ0. 
 

Convergence conditions of  𝒑𝑭𝒒    

1.  when 𝑝 ≤ 𝑞 then |𝑧| < ∞,   

2.  when 𝑝 = 𝑞 + 1 then |𝑧| < 1,  

3.  when 𝑝 = 𝑞 + 1 and |𝑧| = 1 then ℜ(𝜔) > 0,  

4.  when 𝑝 = 𝑞 + 1, |𝑧| = 1 and 𝑧 ≠ 1 then −1 < ℜ(𝜔) ≤ 0,  

where, 𝜔:= ∑
𝑞
𝑗=1 𝛽𝑗 − ∑

𝑝
𝑗=1 𝛼𝑗, and 𝛼𝑗 ∈ ℂ(𝑗 = 1,2,3, … , 𝑝); 𝛽𝑗 ∈ ℂ\ℤ0

−(𝑗 = 1,2,3, … , 𝑞). 

 

The Binomial expansion in terms of hypergeometric function can be written as  

 (1 − 𝑧)−𝑎 =  1𝐹0 [
𝑎;

𝑧
−;

] = ∑∞𝑛=0
(𝑎)𝑛𝑧

𝑛

𝑛!
, (1.6) 

 where, 𝑎 ∈ ℂ and |𝑧| < 1. 
 

Kummer’s first summation theorem [2,p. 9, eq 2.3(1)]  

  2𝐹1 [
     𝑎    ,    𝑏;

−1
1 + 𝑎 − 𝑏;

] =
Γ(1+𝑎−𝑏) Γ(1+

𝑎

2
)

Γ(1+
𝑎

2
−𝑏) Γ(1+𝑎)

,  (1.7) 

 where, ℜ(𝑏) < 1 and 1 + 𝑎 − 𝑏 ∈ ℂ\ℤ0
−. 

 

Kampé de Fériet’s double hypergeometric function ([1,p. 150, eq 29], [3,p. 112], see also [4])  

 

𝐹ℓ:𝑚;𝑛
𝑝:𝑞;𝑘

[

(𝑎𝑝): (𝑏𝑞); (𝑐𝑘);

𝑥, 𝑦

(𝛼ℓ): (𝛽𝑚); (𝛾𝑛);

] = ∑∞𝑟=0 ∑
∞
𝑠=0

∏
𝑝
𝑗=1 (𝑎𝑗)𝑟+𝑠∏

𝑞
𝑗=1 (𝑏𝑗)𝑟∏

𝑘
𝑗=1 (𝑐𝑗)𝑠

∏ℓ𝑗=1 (𝛼𝑗)𝑟+𝑠∏
𝑚
𝑗=1 (𝛽𝑗)𝑟∏

𝑛
𝑗=1 (𝛾𝑗)𝑠

𝑥𝑟

𝑟!

𝑦𝑠

𝑠!
, (1.8) 

 where denominator parameters (𝛼ℓ), (𝛽𝑚), (𝛾𝑛) are neither zero nor negative integers.  

 

Convergence conditions of 𝑭𝓵:𝒎;𝒏
𝒑:𝒒;𝒌

 ([7, pp. 153-157, sections 3 & 4] see also [9,pp. 423-424, eqs. 26-27])    

 

1.  when 𝑝 + 𝑞 < ℓ + 𝑚 + 1, 𝑝 + 𝑘 < ℓ + 𝑛 + 1 then |𝑥| < ∞ and |𝑦| < ∞,   

2.  when 𝑝 + 𝑞 = ℓ +𝑚 + 1, 𝑝 + 𝑘 = ℓ + 𝑛 + 1, 𝑝 > ℓ then |𝑥|
1

𝑝−ℓ + |𝑦|
1

𝑝−ℓ < 1,  

3.  when 𝑝 + 𝑞 = ℓ +𝑚 + 1, 𝑝 + 𝑘 = ℓ + 𝑛 + 1, 𝑝 ≤ ℓ  then  max{|𝑥|, |𝑦|} < 1, 
 

The following results will be required in our present investigation. 

 

Some basic integrals and reduction formula  

∫ sec 𝑡  𝑑𝑡 = 𝐶 + ln(sec 𝑡 + tan 𝑡) = 𝐶 + ln (tan (
𝑡

2
+
𝜋

4
)), (1.9) 

∫ sec2𝑡 𝑑𝑡 = 𝐶 + tan 𝑡, (1.10) 

∫ sec3𝑡 𝑑𝑡 = 𝐶 +
1

2
 ln(sec 𝑡 + tan 𝑡) +

sec 𝑡 tan 𝑡

2
.  (1.11) 

where 𝐶 is the constant of the integration. 

 

The following reduction formula is available in all textbooks of integral calculus  

 

 ∫ sec𝑛𝑥 𝑑𝑥 = 𝐶 +
tan𝑥 sec𝑛−2𝑥

(𝑛−1)
+
(𝑛−2)

(𝑛−1)
∫ sec𝑛−2𝑥 𝑑𝑥, (1.12) 

where n is positive integer greater than or equal to 2. 

 

From reduction formula (1.12) we can write  



Analytical expressions for arc-length of hyperbola: A hypergeometric approach 

www.ijceronline.com                            Open Access Journal                                  Page 46 

∫
1

cos2𝑟−1𝑡
𝑑𝑡 = 𝐶 +

tan 𝑡 sec2𝑟−3𝑡

(2𝑟−2)
+
(2𝑟−3)

(2𝑟−2)
∫ sec2𝑟−3𝑡 𝑑𝑡;     𝑟 ≥ 2. (1.13) 

 

By the successive applications of reduction formula (1.12) in the right hand side of eq. (1.13) we can find same 

integral in finite series form containing Pochhammer symbol,  

 

∫
1

cos2𝑟−1𝑡
𝑑𝑡 = 𝐶 +

(
1

2
)
𝑟−1

  ln(sec 𝑡+tan𝑡)

(𝑟−1)!
+

(
1

2
)
𝑟−1

sin 𝑡

(𝑟−1)!cos2𝑡
(∑𝑟−2𝑛=0

𝑛!

(
3

2
)
𝑛
cos2𝑛𝑡

) ;     𝑟 ≥ 2.  (1.14) 

 

The integral (1.14) can be verified with the reduction formula (1.13) by taking 𝑟 = 2,3,4… 

 

Figure  1: Graph of 
𝟏

𝒄𝒐𝒔𝒉𝒙
 

 

 
Figure  2: Graph of 𝒕𝒂𝒏𝒉𝒙 

 

From Figs.(1, 2) it is clear that values of (cosh 𝑥)−1 and tanh 𝑥 lies in the interval (0,1) for all values of 𝑥 > 0. 

 

In eqs. (1.9), (1.14) replace 𝑡 by (𝑖𝑡), use the properties of hyperbolic functions and formula: 

ln(𝑎 + 𝑖𝑏) =
1

2
ln(𝑎2 + 𝑏2) + 𝑖 tan−1 (

𝑏

𝑎
), (where 𝑎 and 𝑏 are positive real numbers), we get  

∫
𝑑𝑡

cosh𝑡
= 𝐶 + tan−1(sinh 𝑡), (1.15) 

∫
𝑑𝑡

cosh2𝑟−1𝑡
= 𝐶 +

(
1

2
)
𝑟−1

(𝑟−1)!
tan−1(sinh 𝑡) +

(
1

2
)
𝑟−1

sinh𝑡

(𝑟−1)!cosh2𝑡
(∑𝑟−2𝑛=0

𝑛!

(
3

2
)
𝑛
cosh2𝑛𝑡

) ;     𝑟 ≥ 2.  (1.16) 

 

Double series identity ([8,p. 100,eq 2.1(2)],[6,p. 57,eq 2]) 

 
∑∞𝑟=0 ∑

𝑟
𝑛=0 Φ(𝑟, 𝑛) = ∑

∞
𝑟=0 ∑

∞
𝑛=0 Φ(𝑟 + 𝑛, 𝑛), (1.17) 

  

provided that series involved are absolutely convergent. 

 

In this paper any values of parameters and variables leading to the results which do not make sense are tacitly 

excluded.  
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II  MAIN FORMULA FOR ARC-LENGTH OF HYPERBOLA 
The exact arc-length 𝐴𝐵̂ between two arbitrary points 𝐴(𝑎 cosh 𝑡1 , 𝑏 sinh 𝑡1) and 𝐵(𝑎 cosh 𝑡2 , 𝑏 sinh 𝑡2) lying 

on hyperbola 
𝑥2

𝑎2
−

𝑦2

𝑏2
= 1 is obtained in terms of Clausen’s hypergeometric function  3𝐹2 and Kampé de Fériet’s 

double hypergeometric function F 2:0;1
2:1;2

  

𝐴𝐵̂ =

{
 
 

 
 

𝑎𝑒 sinh 𝑡2 −
𝑎

2𝑒
tan−1(sinh 𝑡2) −

𝑎

16𝑒3
tan−1(sinh 𝑡2)  3𝐹2

[
 
 
 
 1,
3

2
,
3

2
;

1

𝑒2

  2,   3; ]
 
 
 
 

−
𝑎 sinh 𝑡2

16𝑒3cosh2𝑡2
𝐹2:0;1
2:1;2

[
 
 
 
 
 
3

2
,
3

2
: 1; 1,1;

1

𝑒2
,

1

𝑒2cosh2𝑡2

3,2: −;   
3

2
; ]

 
 
 
 
 

}
 
 

 
 

−

{
 
 

 
 

𝑎𝑒 sinh 𝑡1 −
𝑎

2𝑒
tan−1(sinh 𝑡1) −

𝑎

16𝑒3
tan−1(sinh 𝑡1)  3𝐹2

[
 
 
 
 1,
3

2
,
3

2
;

1

𝑒2

2,3; ]
 
 
 
 

 

−
𝑎 sinh 𝑡1

16𝑒3cosh2𝑡1
𝐹2:0;1
2:1;2

[
 
 
 
 
 
3

2
,
3

2
:  1; 1,1;

1

𝑒2
,

1

𝑒2cosh2𝑡1

3,2: −;    
3

2
; ]

 
 
 
 
 

}
 
 

 
 

 

. 

    (2.1) 

where 𝑎 is the length of semi-transverse axis and 𝑒 is the eccentricity of the hyperbola. Both the series  3𝐹2 and 

𝐹2:0;1
2:1;2

 are convergent since 
1

𝑒
< 1 and 

1

𝑒 cosh 𝑡
< 1. Therefore our expression (2.1) is convergent and is believed 

to be new. 

 

Derivation of formula (2.1) 

Consider the equation of hyperbola  

 
𝑥2

𝑎2
−

𝑦2

𝑏2
= 1  (Cartesian form) (2.2) 

where, 𝑏2 = 𝑎2(𝑒2 − 1) or 
𝑎2+𝑏2

𝑎2
= 𝑒2  or 

𝑎2

𝑎2+𝑏2
=

1

𝑒2
< 1, 𝑎 and 𝑏  are semi-transverse and semi-conjugate 

axes of the hyperbola and 𝑒(> 1) is called the eccentricity of hyperbola. 

 

Its parametric form is given by  

 𝑥 = a cosh 𝑡 ,    𝑦 = 𝑏 sinh 𝑡. (2.3) 

 

 Since given hyperbola (2.2) is symmetrical about 𝑥 − 𝑎𝑥𝑖𝑠 and 𝑦 − 𝑎𝑥𝑖𝑠 both, without any loss of generality, 

we shall find the arc-length between two arbitrary points lying in positive quadrant only.  

 

 

Figure  3: Hyperbola 
𝒙𝟐

𝒂𝟐
−

𝒚𝟐

𝒃𝟐
= 𝟏 
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The arc-length between two arbitrary points 𝐴 and 𝐵 lying on any parametric curve is given by  

 

 𝐴𝐵̂ = ∫
𝑡2
𝑡1
√(

𝑑𝑥

𝑑𝑡
)
2

+ (
𝑑𝑦

𝑑𝑡
)
2

𝑑𝑡 (2.4) 

 Put 
𝑑𝑥

𝑑𝑡
= 𝑎 sinh 𝑡, 

𝑑𝑦

𝑑𝑡
= 𝑏 cosh 𝑡, in eq. (2.4), and integrating over the interval [𝑡1, 𝑡2] s.t. 0 ≤ 𝑡1 < 𝑡2 < ∞,  

 

𝐴𝐵̂ = ∫

𝑡2

𝑡1

√(𝑎2sinh2𝑡 + 𝑏2cosh2𝑡)𝑑𝑡 = ∫

𝑡2

𝑡1

√((𝑎2 + 𝑏2) cosh2𝑡 − 𝑎2)dt

= √(𝑎2 + 𝑏2) ∫

𝑡2

𝑡1

cosh𝑡√(1 −
1

𝑒2cosh2𝑡
) 𝑑𝑡, 

= √(𝑎2 + 𝑏2) ∫

𝑡2

𝑡1

cosh 𝑡  1𝐹0

[
 
 
 
 −
1

2
;

1

𝑒2cosh2𝑡
   − ; ]

 
 
 
 

𝑑𝑡;     since    
1

𝑒2cosh2𝑡
< 1,    ∀    𝑡, 

= √(𝑎2 + 𝑏2) ∫

𝑡2

𝑡1

cosh 𝑡 (∑

∞

𝑟=0

(−
1

2
)
𝑟

𝑟! 𝑒2𝑟cosh2𝑟𝑡
)𝑑𝑡, 

 

= √(𝑎2 + 𝑏2) ∫

𝑡2

𝑡1

cosh 𝑡 𝑑𝑡 −
√(𝑎2 + 𝑏2)

2𝑒2
∫

𝑡2

𝑡1

1

cosh 𝑡
𝑑𝑡 + √(𝑎2 + 𝑏2)∑

∞

𝑟=2

(−
1

2
)
𝑟

𝑟! 𝑒2𝑟
∫

𝑡2

𝑡1

1

cosh2𝑟−1𝑡
𝑑𝑡, 

    

    (2.5) 

 Using integrals (1.15) and (1.16) in eq. (2.5) we get,  

𝐴𝐵̂ = √(𝑎2 + 𝑏2) [sinh 𝑡 −
1

2𝑒2
tan−1(sinh 𝑡) +∑

∞

𝑟=2

(−
1

2
)
𝑟
(
1

2
)
𝑟−1

(𝑟 − 1)! 𝑟! 𝑒2𝑟
{tan−1(sinh 𝑡) +

sinh 𝑡

cosh2𝑡
∑

𝑟−2

𝑛=0

𝑛!

(
3

2
)
𝑛
cosh2𝑛𝑡

}]

𝑡1

𝑡2

 

= √(𝑎2 + 𝑏2) [sinh 𝑡 −
1

2𝑒2
tan−1(sinh 𝑡)

+∑

∞

𝑟=0

(−
1

2
)
𝑟+2

(
1

2
)
𝑟+1

(𝑟 + 1)! (𝑟 + 2)! 𝑒2𝑟+4
{tan−1(sinh 𝑡) +

sinh 𝑡

cosh2𝑡
∑

𝑟

𝑛=0

𝑛!

(
3

2
)
𝑛
cosh2𝑛𝑡

}]

𝑡1

𝑡2

 

  (2.6) 

  

𝐴𝐵̂ = √(𝑎2 + 𝑏2) [sinh 𝑡 −
1

2𝑒2
tan−1(sinh 𝑡) +

(−
1

2
)
2
(
1

2
) tan−1(sinh 𝑡)

2𝑒4
∑

∞

𝑟=0

(
3

2
)
𝑟
(
3

2
)
𝑟
 (1)𝑟

𝑟! (2)𝑟(3)𝑟   𝑒
2𝑟

+
(−

1

2
)
2
(
1

2
) sinh 𝑡

2𝑒4cosh2𝑡
∑

∞

𝑟=0

∑

𝑟

𝑛=0

(
3

2
)
𝑟
(
3

2
)
𝑟
(1)𝑛

(2)𝑟(3)𝑟𝑒
2𝑟 (

3

2
)
𝑛
cosh2𝑛𝑡

]

𝑡1

𝑡2

. 

  (2.7) 

 Now using double series identity (1.17) in eq. (2.7), we get  
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𝐴𝐵̂ = √(𝑎2 + 𝑏2)

[
 
 
 
 

sinh 𝑡 −
1

2𝑒2
tan−1(sinh 𝑡) −

tan−1(sinh 𝑡)

16𝑒4
 3𝐹2

[
 
 
 
 1,
3

2
,
3

2
;

1

𝑒2

2,3; ]
 
 
 
 

−
sinh 𝑡

16𝑒4cosh2𝑡
∑

∞

𝑟=0

∑

∞

𝑛=0

(
3

2
)
𝑟+𝑛

(
3

2
)
𝑟+𝑛

(1)𝑛

(2)𝑟+𝑛(3)𝑟+𝑛  𝑒
2𝑟+2𝑛  (

3

2
)
𝑛
cosh2𝑛𝑡

]
 
 
 
 

𝑡1

𝑡2

 

  (2.8) 

  

 

𝐴𝐵̂ =

{
 
 

 
 

𝑎𝑒 sinh 𝑡 −
𝑎

2𝑒
tan−1(sinh 𝑡) −

𝑎

16𝑒3
tan−1(sinh 𝑡) 3𝐹2

[
 
 
 
 1,
3

2
,
3

2
;

1

𝑒2

2,3; ]
 
 
 
 

−
a sinh 𝑡

16𝑒3cosh2𝑡
𝐹2:0;1
2:1;2

[
 
 
 
 
 
3

2
,
3

2
: 1; 1,1;

1

𝑒2
,

1

𝑒2cosh2𝑡

3,2: −;
3

2
; ]

 
 
 
 
 

}
 
 

 
 

𝑡1

𝑡2

. 

  

  (2.9) 

 After simplification we get the formula (2.1). 

 

III. MAIN FORMULAS FOR ARC-LENGTH OF RECTANGULAR HYPERBOLA 

The exact arc-length 𝐴𝐵̂ between two arbitrary points 𝐴 (𝑐𝑡1,
𝑐

𝑡1
) and 𝐵 (𝑐𝑡2,

𝑐

𝑡2
) lying on rectangular hyperbola 

𝑥𝑦 = 𝑐2 is given in terms of Gauss’ hypergeometric function  2𝐹1 

 

(i) When 0 < 𝑡1 < 𝑡2 < 1 and 𝑐 > 0  

then        𝐴𝐵̂ =
𝑐

𝑡1
 2𝐹1

[
 
 
 −

1

2
, −

1

4
;

−𝑡1
4

       
 3

4
     ; ]

 
 
 
−

𝑐

𝑡2
 2𝐹1

[
 
 
 −

1

2
, −

1

4
;

−𝑡2
4

       
3

4
     ; ]

 
 
 
, (3.1) 

 (ii) When 0 < 𝑡1 < 1 < 𝑡2 < ∞ (or 𝑡1 < 1 and 
1

𝑡2
< 1) and 𝑐 > 0  

then        𝐴𝐵̂ =
𝑐

𝑡1
  2𝐹1

[
 
 
 −

1

2
, −

1

4
;

−𝑡1
4

3

4
; ]

 
 
 
+ 𝑐𝑡2   2𝐹1

[
 
 
 
 −

1

2
, −

1

4
;

−
1

𝑡2
4

3

4
; ]

 
 
 
 

− 2𝑐
(Γ(

3

4
))
2

√𝜋
, (3.2) 

 (iii) When 1 < 𝑡1 < 𝑡2 < ∞ (or 
1

𝑡2
<

1

𝑡1
< 1) and 𝑐 > 0  

then        𝐴𝐵̂ = 𝑐 𝑡2  2𝐹1

[
 
 
 
 −

1

2
, −

1

4
;

−
1

𝑡2
4

       
3

4
     ; ]

 
 
 
 

− 𝑐𝑡1   2𝐹1

[
 
 
 
 −

1

2
, −

1

4
;

−
1

𝑡1
4

       
3

4
     ; ]

 
 
 
 

. (3.3) 

 

The right hand side of equations (3.1), (3.2) and (3.3) are convergent under associated conditions. 

 

Derivations of formulas (3.1), (3.2) and (3.3) 

 

Consider the equation of rectangular hyperbola  

 𝑥𝑦 = 𝑐2     (Cartesian form) (3.4) 
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Figure  4: Rectangular Hyperbola 𝒙𝒚 = 𝒄𝟐 

Its parametric form is given by  

 𝑥 = 𝑐𝑡,    𝑦 =
𝑐

𝑡
 (3.5) 

 Put 
𝑑𝑥

𝑑𝑡
= 𝑐,

𝑑𝑦

𝑑𝑡
= −

𝑐

𝑡2
, in (2.4) we get  

 𝐴𝐵̂ = ∫
𝑡2
𝑡1
√(𝑐2 +

𝑐2

𝑡4
) 𝑑𝑡 = 𝑐 ∫

𝑡2
𝑡1
√(1 +

1

𝑡4
) 𝑑𝑡. (3.6) 

 

Since no standard formula for indefinite integral of √(1 +
1

𝑡4
) w. r. to 𝑡 is available in the literature of integral 

calculus and other mathematical tables. Therefore we shall apply hypergeometric approach to evaluate the exact 

value of the arc-length. Furthermore, given rectangular hyperbola (3.4) is symmetrical about the line 𝑦 = −𝑥 

without any loss of generality, we shall find the arc-length between two arbitrary points lying in positive quadrant 

only.  

 

Three cases arise based on the position of points 𝐴 and 𝐵 

  when 0 < 𝑡1 < 𝑡2 < 1 and 𝑐 > 0  

then        𝐴𝐵̂ = 𝑐 ∫

𝑡2

𝑡1

1

𝑡2
√(1 + 𝑡4)𝑑𝑡,        since    𝑡4 < 1  here, 

  

= 𝑐 ∫

𝑡2

𝑡1

1

𝑡2
 1𝐹0 [

−
1

2
;

−𝑡4

    −;

] 𝑑𝑡, 

  

= 𝑐∑

∞

𝑟=0

(−
1

2
)
r
(−1)𝑟

𝑟!
∫

𝑡2

𝑡1

𝑡4𝑟−2𝑑𝑡, 

  

= 𝑐∑

∞

𝑟=0

(−
1

2
)
r
(−1)𝑟

𝑟! (4𝑟 − 1)
(𝑡2
4𝑟−1 − 𝑡1

4𝑟−1), 

  

𝐴𝐵̂ =
𝑐

𝑡1
 2𝐹1

[
 
 
 
 −
1

2
,−
1

4
;

−𝑡1
4

       
3

4
      ; ]

 
 
 
 

−
𝑐

𝑡2
 2𝐹1

[
 
 
 
 −
1

2
,−
1

4
;

−𝑡2
4

       
3

4
     ; ]

 
 
 
 

 

  (3.7) 

 Both  2𝐹1 series are convergent, since 𝑡1 < 1 and 𝑡2 < 1. Therefore, our result (3.7) is also convergent. 

 

when 0 < 𝑡1 < 1 < 𝑡2 < ∞ (or 𝑡1 < 1 and 
1

𝑡2
< 1) and 𝑐 > 0  
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then        𝐴𝐵̂ = 𝑐 ∫

𝑡2

𝑡1

√(1 +
1

𝑡4
) 𝑑𝑡 = 𝑐 ∫

1

𝑡1

√(1 +
1

𝑡4
)𝑑𝑡 + 𝑐 ∫

𝑡2

1

√(1 +
1

𝑡4
) 𝑑𝑡, 

= 𝑐 ∫

1

𝑡1

1

𝑡2
 1𝐹0 [

−
1

2
;

−𝑡4

    −;

] 𝑑𝑡 + 𝑐 ∫

𝑡2

1

 1𝐹0

[
 
 
 
 −
1

2
;

−
1

𝑡4

   −; ]
 
 
 
 

𝑑𝑡, 

= 𝑐∑

∞

𝑟=0

(−
1

2
)
r
(−1)𝑟

𝑟!
∫

1

𝑡1

𝑡4𝑟−2𝑑𝑡 + 𝑐 ∑

∞

𝑚=0

(−
1

2
)
m
(−1)𝑚

𝑚!
∫

𝑡2

1

𝑡−4𝑚𝑑𝑡, 

  (3.8) 

  

𝐴𝐵̂ = 𝑐 [∑

∞

𝑟=0

(−
1

2
)
r
(−1)𝑟

𝑟! (4𝑟 − 1)
(𝑡4𝑟−1)]

𝑡1

1

+ 𝑐 [∑

∞

𝑚=0

(−
1

2
)
m
(−1)𝑚

𝑚! (−4𝑚 + 1)
(𝑡−4𝑚+1)]

1

𝑡2

 

  

=
𝑐

𝑡1
   2𝐹1

[
 
 
 
 −
1

2
,−
1

4
;

−𝑡1
4

       
3

4
      ; ]

 
 
 
 

+ 𝑐𝑡2   2𝐹1

[
 
 
 
 
 −
1

2
,−
1

4
;

−
1

𝑡2
4

       
3

4
     ; ]

 
 
 
 
 

− 2𝑐  2𝐹1

[
 
 
 
 −
1

2
,−
1

4
;

−1

       
3

4
     ; ]

 
 
 
 

. 

 
    (3.9) 

 Now using Kummer’s first summation theorem (1.7), we get  

  

𝐴𝐵̂ =
𝑐

𝑡1
   2𝐹1

[
 
 
 
 −
1

2
,−
1

4
;

−𝑡1
4

      
3

4
       ; ]

 
 
 
 

+ 𝑐𝑡2    2𝐹1

[
 
 
 
 
 −
1

2
,−
1

4
;

−
1

𝑡2
4

       
3

4
      ; ]

 
 
 
 
 

− 2𝑐
(Γ (

3

4
))

2

√𝜋
, 

  (3.10) 

where, Γ (
3

4
) = 1.2254167024…, Both  2𝐹1  series are convergent, since 𝑡1 < 1 and 

1

𝑡2
< 1. Therefore, the 

result (3.10) is also convergent. 

 

When 1 < 𝑡1 < 𝑡2 < ∞ (or 
1

𝑡2
<

1

𝑡1
< 1) and 𝑐 > 0  

  

then        𝐴𝐵̂ = 𝑐 ∫

𝑡2

𝑡1

√(1 +
1

𝑡4
) 𝑑𝑡 

  

= 𝑐 ∫

𝑡2

𝑡1

 1𝐹0

[
 
 
 
 −
1

2
;

−
1

𝑡4

   −; ]
 
 
 
 

𝑑𝑡, 

  

= 𝑐 ∑

∞

𝑚=0

(−
1

2
)
m
(−1)𝑚

𝑚!
∫

𝑡2

𝑡1

𝑡−4𝑚𝑑𝑡, 
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= 𝑐 ∑

∞

𝑚=0

(−
1

2
)
m
(−1)𝑚

𝑚! (−4𝑚 + 1)
(𝑡2
−4𝑚+1 − 𝑡1

−4𝑚+1), 

  

𝐴𝐵̂ = 𝑐𝑡2 2𝐹1

[
 
 
 
 
 −
1

2
,−
1

4
;

−
1

𝑡2
4

      
3

4
       ; ]

 
 
 
 
 

− 𝑐𝑡1 2𝐹1

[
 
 
 
 
 −
1

2
,−
1

4
;

−
1

𝑡1
4

      
3

4
      ; ]

 
 
 
 
 

 

  (3.11) 

 Both  2𝐹1 series are convergent, since 
1

𝑡1
< 1 and 

1

𝑡2
< 1. Therefore, the result (3.11) is also convergent.  

 

REMARK 

We have also derived a formula [5] for arc-length between two arbitrary points lying on an ellipse. 

 

We conclude our present investigation by observing that solutions of such problems can be obtained in an 

analogous manner.  
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