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I. INTRODUCTION

In the year 2011 Madhusudhana Rao, Anjaneyulu and Gangadhara rao inverstigated and studied about gamma
semigroups. In the year 2013, Y. Sarala, D. Madhusudhana Rao, A. Anjaneyulu made a study on ternary
semigroups. Further in the year 2013 Subramaneswara rao seetamraj, D. Madhusudhana rao and A. Anjaneyulu
introduce the some notions in partially ordered gamma semigroups. P. Siva Prasad, D. Madhusudhana Rao and
G. Srinivasa rao developed some properties in partially ordered ternary semirings. In this paper we introduce the
properties of ternary semirings.

1. Preliminaries:

Definition 1.1: A ternary semi ring is a nonempty set U on which operations of addition and ternary
multiplication have been defined such that the following conditions are satisfied:

(1) (U ,+) is a commutative monoid with identity element O;

(2) (U, [ ] is a ternary monoid with identity element 1+,

(3) Ternary Multiplication distributes over addition,

(4) 00r =0r0 =r00 =0 for all r € U. For more preliminaries refer the references.

2. Zeroed Elements in ternary semi rings:

Def 2.1: U is said to be multiplicatively left cancellative (MLC) if pqd = pgf implies that d = f for all p, q, d, f
eu.

Def 2.2: An element f € U is known as left (right) zeroed element of Uif 3 h,g,1 e U3 fgh+ 1 =I(I + ghf =
[). Anelement f € U is known as zeroed elementof Uif 31 €U > 1+ ghf=10rfgh+1=1. Everyidempotent
element of U is a zeroed element of U. The zeroed of U is the set of all f € U 3 fgh + | =1 or | + ghf = for
some | € U and it is denoted by Z.

Note 2.3: Some of the authors were defined the zeroed elements as left zeroed f + u = u as well as right zeroed
as u + f = u, but both the conditions are equivalent, because if f is fgh = ghf = f. Since f is zero of U.

Theorem 2.4: Let U be ternary semi ring with unity element, | + I° =1 v | € U and
I +1=1forallleU.If ternary semi ring U is left cancellative then every element of U is a zeroed.

Proof: Letle U= 1+ =1 Sincel.1.1=1.

l+P=1=>Pv+1+P=1v+Iforveu

S+ 111+ P =Py +1.1.1

= I(v+1)+ P=I(v+1)

v+ P=livaliiv+)=livav+l=v.

Therefore, every element of U is a zeroed.
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Def 2.5 [ ]: A nonempty subset V of a ternary semi ring U is known as k-ideal of Uifle U, I+vEV,vEV =
leV.

Theorem 2.6: Let U be the additively commutative ternary semi ring. The zeroed Z is a
k-ideal of U.

Proof: Letl,ve Z,3f g,p,geUsIfg+p=p,p+fgl=p&vfg+q=q,q+fgl=q.
Suppose, Ifg + p=p & vfg + g = q, then
(I+v)fg+p +q=Ifg+vfig+p+q =Ifg+vfg+q+p
=Ifg+q+p=Ifg+p+q=p+q=Il+veZz
Ily, we can prove in each case | +v € Z.
Now, I, v,we Z thenlfg+p=p, p+fgl=p,vfg+qg=q, g+fgv=q&wfg+r=r,r+fgw=r = lvwfg +
vwp = vwp, lvwfg + lwqg = lwq & Ivwfg + Ivr = Ivr = Ivw € Z. Therefore Z is a ternary subsemiring of U.
To show that Z is a k-ideal of U, let t € U and | € Z such that | + t € Z, therefore there exist
X,¥,zZ€ Usuchthat(l+t)yz+x=x. Butlgr+p=pVvp,qreu.
Thenwe have x+p=(l+tyz+x+Ilgr+p=tyz+(lyz+p+Igr+x)
=tyz+(lyz+p+x)=tyz+(p+x)=tyz+(x +p).
Therefore t € Z and hence Z of T is k-ternary ideal of U.

Corollary 2.7: Let U be a additive commutative simple ternary semiring and Z # {0}. Then every element
of U is zeroed.

Theorem 2.8: Let U be a ternary semiring and every element of U is zeroed. Suppose ternary semiring is
asingular then foreachle U,3ve U3l +Ivwwwx=vor lvwwx +1=v.

Proof: LetleU=3w,x,veU3Ilwx+v=vorv+wxl=v. Suppose, v+ wxl =v, since U is singular w. r. t
ternary multiplication i.e. wwl = I, Ivw = I. Therefore, v + wxl = v = v + wxvvl = v. Suppose, Iwx +v=v =
IvWwwx +v =v.

Theorem 2.9: Let U be a ternary semiring and (U, +) is right cancellative. If | is right zeroed of U iff I° + I°
=P,

Proof: Let | is a right zeroed of U, thenve Usv+lll=vorlll+v=v.

= N+ V) =1v = I+ v =1v = HE+ I+ v =10+ v
SH+M=M=P+P=P
Conversely suppose that 1 € UsP + P = P & 111 =1 =2 P+ P =PF=Pa1 +1P®» =FP

= 1+1l1=1=lisazeroed of U and hence every element of U is zeroed.

Co3ro||ary 2.10: Let U be a ternary semiring and (U, +) is left cancellative. If | is left zeroed of U iff I° + I
=,

Theorem 2.11:In a ternary semiring U with unity element and unit is zeroed then every element of U is
zeroed.

Proof: Suppose U is a ternary semiring with unity element and | € U so 3 v € U 3
l+v=v=v+1&I111=1=11l Letv+l=v=ll(v+1l)=llv=Llv+IlL1ll=1l1v=Ilv+I=I1lv.
Letl+v=v=1l11+v)=Llv=I111+lL1lv=L1v=I+I1lv=I1v. Hence every element of U is zeroed.

Def 2.12: A ternary semiring U is said to be semi-subtractive if for any elements a; b € T; there is always some
X € Torsomey e U>3a+y=borb+x=a. Everyring is a semi-subtractive ternary semiring.

Theorem 2.13:  Let the zeroed of a semi subtractive ternary semiring U is empty, then
(U, +) is cancellative.

Proof: Suppose v+ Il =w + | =>v#wforl v we U then 3 someaelU>3v=a+wor
w=a+vV. Supposev=a+w=>v+l=za+w+l=>v+l=a+v+I=v+I=awx+ (v+]I),since awx =aand
hence a is zeroed element of U, it is a contradiction and hence (U, +) is a right cancellative. Therefore (U, +) is
cancellative.

Def 2.14: A ternary semiring U is known as zero cube ternary semiring if °=0Vv | € U.
Theorem 2.15: Suppose U is a zero cube ternary semiring and | is a zeroed of U then 3 v, w, x € U 3 lvwxx
=0 or xxvwl =0 or xvwlIx = 0.

Proof: Suppose l € U, 3 v,w,x e U3 uvw+x=xorx+vwl=0. Letlvw+x=x

www.ijceronline.com Open Access Journal Page 57



Properties of Elements in Ternary-Semirings

= (Ivw + x)xx = xxx = lvwxx + x% = x* = lvwxx + 0 = 0 = lvwxx = 0. Similarly we can prove the other parts.

3. Idempotent and Regular Elements in Ternary Semirings:

Def 3.1: An element | € U is known as +ve idempotent if | + 1 = 1. The set of all additive idempotent of a
ternary semiring U is denoted by E*(U).

Example 3.2: RU{-o0} is a commutative, additive idempotent ternary I'-semiring with the addition and
multiplication operations where I' = R defined as: 1® v = max(l,v) and I® v®w =1 + v + w where + is the
ordinary addition as ternary semiring multiplication. Clearly, —oo is the zero element, and 0 is the unity.

Def 3.3: An element | € U is known as an idempotent if u®> =u. The set of all idempotent elements in a
ternary semiring U is denoted by E(U). Every identity, zero elements are idempotent elements.

Def 3.4: An element | € U is known as a proper dempotent element provided | is an idempotent which is not
the identity of U if identity exists. A ternary semiring U is said to be an idempotent ternary semiring provided
every element of U is an idempotent.

Def 3.5: An element | € U is known as ternary multiplicatively sub-idempotent provided | + I* = I. A ternary
semiring U is said to be a sub-idempotent ternary semiring provided each of its element is sub-idempotent.

Def 3.6: A ternary semiring U is said to be Viterbi ternary semiring if U is +vely idempotent and
multiplicatively sub-idempotent.

Theorem 3.7: Let U be a ternary semiring satisfying the identity | + Ivl + 1 =1 vV |, ve U. If U contains the
ternary multiplicative identity which is also an additive identity, then U is a multiplicatively sub-
idempotent ternary semiring.

Proof: Sinceu + Ivl +1 =1V I, ve U. Let e be the multiplicative identity in e is also an additive identity. i.e.,
lee=ele=eel=landl+e=e+1=1 Givenl+Ivl+1=1 vl veU. Takingl=v. Thenl+ P +1=1= I+I1(I?
+e)=1=1+PF=1+0=1+F=1vIeU. Therefore, U is multiplicatively sub-idempotent ternary semiring.

Theorem 3.8: Let U be a multiplicatively idempotent ternary semiring. If U satisfying the identity | + Ivl
+1=1V I, ve U. Then U is additively idempotent.

Proof: Letl € U. Consider |+ I=(1+D*VIeU. [+1=(1+1)>P=P+P+P+P+P+P+P+P=(++I)+
(+m+D+I+I=1+1+1+1=1+M+1+1=1+(+DI+1=1 Therefore, U is additively idempotent.

Theorem 3.9: Every ternary semiring U in which U is left singular semigroup w.r.t addition and left
singular ternary semigroup w.r.t ternary multiplication, then U is a Viterbi ternary semiring.

Proof: By the hypothesis U is left singular semigroup w. r. t addition and left singular ternary
semigroup w. r. t ternary multiplication. i.e.,, 1+v=land Ivli=1V I, v € U. Consider | +v=1. Takingl=v =1
+1=1- (1) &Ivl=1. Takingl=v=PF=I=1+PF=1+I=1=1+P=1— (2). Therefore, from (1) and (2), U
is a Viterbi ternary semiring.

Note 3.10: The converse of the theorem 3.9, is not necessarily true. This is evident from the following example.

Example 3.11:
+ [ Jv [1 ]! |v

I 11 I | | |
v I Vv \" \V \V

Def 3.12: An element | of a ternary semiring U is known as +vely regular if there existveU 3 1 +v +1=1.
An element | € U is known as ternary multiplicatively regular if 3 v, w € U 3 Ivlwl = 1. U is known as
regular ternary semiring if every element is regular.

Example 3.13: Let U = {0, u, v} be any nonempty set. If we define a binary operation + and ternary
multiplication on U as the following Cayley table, then U is a regular ternary semiring.
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0 O u v + 0 u v
0 00O 0 0 u v
u 0 u u u u v u
v 0 v v vV V u u

Lemma 3.14: Every idempotent element is regular.

Def 3.15[ ]: A ternary semiring U is known as an Ordered Ternary Semiring if U is partially ordered set such
thatl<uthen (1)1+v<u+v&v+I<v+u, 2)lvw<uvw, viw<vuw & vul<vwu V |, u, v, w € U.

Th 3.16: Let U be a ordered ternary semiring in which (U, +) is +vely ordered ternary semiring. Ifu e U
& v be a idempotent of (U, +), uzx < v implies u is zeroed forz, x € U.

Proof: Let u, z, x € U & v be a idempotent, uzx < v = uzx + v < v + v = uzx + v < v, but
uzx + v >v and therefore, uzx + v=v. Thus u € Z, hence u is zeroed of U.

Corollary 3. 17: Let U be a ordered ternary semiring in which (U, +) is -vely ordered ternary semiring. If
U € U & v be a idempotent of (U, +), uzx < v implies v is zeroed forz, x € U.

Theorem 3.18: Let U be a ternary semiring, every element U is zeroed. If ternary semigroup U is band
then for each ue U,3 v, z, X € U3 uzx + uzxwv + v = v.

Proof : Letue U, IveUSVv=uzx+V&V =V. V= UzX +V = Vv =Uzx +V*
= v = uzx + (UzX + V)V2 = Vv = uzx + uzxw + v*
=V = UZX + UZXVV + V.

Theorem 3.19: Let U be a ternary semiring with identity u + uuv + v = v for each u, v, z, x € U, every
element U is zeroed & (U, +) is left cancellative. Then ternary semigroup U is a band.

Proof: Letue U,3veU>s3v=u+vorv+u=vwehaveu+v+uuv=v
su+v+uu(v+u)=v+u=av+wd=v+iua =
Therefore U is a band.

Theorem 3.20: Let U be an ordered ternary semiring in which ternary semigroup is —vely ordered. If uis
a regular ternary semiring iff u is an idempotent of U.

Proof: Suppose u is regular in U, then 3 x, y € U 3 u = uxuyu < v <u = u® = u = u is idempotent of U.
Conversely, suppose u is a idempotent of U, then we have u = u® = u = uuuuu. Thus u is regular.

Theorem 3.21: Let U be an ordered ternary semiring as well as u € U in which ternary semigroup is —vely
ordered. Then u = uxu = xuy for x,y € U.

Proof: Letu e U, 3 X,y € U 3 u=uxuyu < uxu < u and u = uxuyu < xuy < u. Therefore u = uxu = xuy.

Def 3.22: An ordered ternary semiring is known as sum ordered ternary semiring if u <v there exist w € U 3
u+w=v.

Theorem 3.23: Let U be an +vely idempotent ordered ternary semiring. Then
(i) Ois the least element of U.

(i) 1If1+vVvIveuU.

(ii)1<viffl+v=v

(iv) U is sum ordered ternary semiring.

Proof: Let U be an +vely idempotent ordered ternary semiring.

(i) = (ii): Suppose O is the least elementof U & I, ve U. 0<1=0+v<l+v=>v<I+v. Similarly, [S1+v.
(if) = (iii): Suppose assume (i) & 1<v=>1+tv<v+tv=al+v<v<l+v=l+v=v.

(iii) = (iv): obvious.

(iv) = (i): Suppose U is a sum ordered ternary semiring. ThenaveU30+v=I=1=v.

Now,0+1=1V 1€ U= 0<1. Therefore 0 is the least element of U.

Theorem 3.24: Let U be an ordered ternary semiring with unity 1. If 1 + 1 = 1 holds implies that (U, +) is
a idempotent semigroup of U.
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Proof: Let le U= 111=1& 1 +1=111+ 111 =11(1 + 1) = 111 = I. Therefore, (U, +) is a idempotent
semigroup of U. Here, the set of all additive idempotents is denoted E*(U) = {1 e U/1+1=1}.

Theorem 3.25: Let U be an ordered ternary semiring in which (U, +) cancellative, +ve ordered
commutative semigroup. If E*(U) is nonempty as well as ternary semigroup U is cancellative implies that
E*(V) is k-prime ideal of an ordered ternary semiring U.

Proof: Letle E*(U) = 1+ 1=1&letv,we U
= lvw = (I + )vw = Ivw + lvw = lvw € E*(U).

Similarly, vwl, wlv € E*(U). Suppose l,v€E€E'(U)=l+1=1& v +v=vthen

I+ +(1+v)=(1+D)+(v+Vv)=l+v=>1+veE(U).
Suppose, I<v,vEE'(U)thenl<v=>1+v<v+v=1l+v<v,butv<I+v.
Therefore,v=1+v=1l+v=Il+l+v=Il=1+1=1€E"(U). Hence E'(U) is an ideal of ternary semiring U.
Suppose I, |+ VEE (U) = 1+1=1&I+v+Il+v=I1+v.
Nowl+v+l+v=l+v=(1+D)+(v+Vv)=1l+v

sl+(V+v)=l+vv+v=v=veE(U)= E'(U)is ak-ideal of U.

Suppose, lvw € Ef(U) & I, v w € E'(U) =2 Ivw + lvw = Ivw = Iv(w + W) = lvw = w + w = w it is a
contradiction and hence one of the I, v, w € E*(U). Therefore E*(U) is k-prime ideal of U.

Corollary 3.26: Suppose U is a simple ternary semiring in which (U, +) cancellative, +ve ordered
commutative semigroup. If E*(U) is nonempty as well as ternary semigroup U. Then every element of U
is additive idempotent.

Proof: By the theorem 3.24, E*(U) is an ideal of ordered ternary semiring and since U is simple, therefore
U = E*(U). Hence every element of U is additive idempotent.

Corollary 3.27: Let U be a ordered simple ternary semiring and (U, +) cancellative, +ve ordered
commutative ternary semigroup. If E'(U) = 1, then |U| =1

Theorem 3.28: Let U be the ordered regular ternary semiring in which ternary semigroup U is negatively
ordered with unity. If L ve U&1<v3 I=Ill=vll =Ilwv.

Proof: Letl,ve U & 1<, since U is regular = | = Ixlyl for x, y € U.
Wehave xly<l=Ixlyl<lll = 1<1ll1<1= 1=l
Nowl<v=lll<vli=1<viI<I= 1=Vl

Again, I<v=llI<llv=1<Illv<1=I=Illv. Therefore, | = lll = vIl = lvv.

Il. CONCLUSION:
Here, The notion of zeroed in ternary semiring, regular & idempotent elements in ordered ternary semiring are
introduced. We investigated the properties of zeroid, regular & idempotent elements and relations between
them.
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