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ABSTRACT
In this paper, we focus on the factori-difference labeling and apply to some square graphs. A
connected graph G is a factori-difference labeling if there exists a bijection f:V(G)—{2,3,... ,p}

. . . . _ _fa+f@)-1]!
such that the induced function g: E(G) — N defined as g¢(uv) = Eo=i =1 and the edges

labels are distinct. Graph which produces a factori-difference labeling has a factori-difference graph.
We discuss this labeling conditions satisfies to some square graphs of path, cycle, brush, fan,
friendship, ladder, wheel, helm, sun let graphs and also find the chromatic number of some square
graphs.
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I. INTRODUCTION

Graph labeling is one of the most simplicity and very interesting area of the graph theory. Graph labeling which
means assign the values to vertices and edges with some conditions. Researchers are very interested and happy
to research this graph labeling area. Beginning this area is B-labeling by Alexandar Rosa in late 1960’s. A
dynamic survey on graph labeling is systematic updated by J. A. Gallian[7] upto 2017 and it is published by
Electronic Journal of Combinatorics. Basic definitions are referred to as Frank Harary[5]. An enormous body of
literature is available on different types of graph labeling grown around in the last four decades and more than
1000 research papers have been published. Graph labeling are using in many departments namely computer
science, engineering, medical line, etc., We discuss this labeling conditions satisfies to some square graphs of
path, cycle, fan, brush, friendship, wheel, helm, ladder, sun let graphs and also find the chromatic number of
some square graphs.

1.Preliminaries
1.1. Definition[5]
A walk in which no vertex is repeated is called a path B,. It has n vertices and n — 1 edges.

1.2. Definition[5]
A closed path is called a cycle C,,n = 3. It has n vertices and n edges.

1.3. Definition[10]
A fan graph E,(n = 2) is defined as the graph K; + B,, where K; is the singleton graph and B, is the Path
on n vertices. It has n + 1 vertices and 2n — 1 edges.

1.4. Definition[2]
The brush graph B, (n > 2) can be constructed by path graph B,, (n = 2) by joining the star graph K; ; at
each vertex of the path. i.e., B, = P, + nKj ;. It has 2n vertices and 2n — 1 edges.

1.5. Definition[9]
A cycle C3; with n copies having a common central vertex is called a friendship graph T,,. It has 2n + 1
vertices and 3n edges.

1.6. Definition[8]
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The cycle graph C,,n = 3 joining the complete graph of one vertex K; is called the wheel graph W,,n > 3. It
has n + 1 vertices and 2n edges.

1.7. Definition[1]
The wheel graph W, by adding a pendant edge at each vertex on the rim of W, is called the helm graph
H,,n = 3. Ithas 2n + 1 vertices and 3n edges.

1.8. Definition[3]
The cartesian product of path graphs P, x P, is known as ladder graph L,,n = 2. It has 2n vertices and
3n — 2 edges.

1.9. Definition[8]
The cycle graph C,, with attaching n pendant vertices at each vertex is called the sun let graph S,,,n = 3. It
has both 2n vertices and 2n edges.

1.10. Definition[4]
Square of a graph G denoted by G2 has the same vertex set as of G and two vertices are adjacent in G? if they
are at a distance of 1 or 2 apart in G.

1.11. Definition[6]

A coloring of a graph is an assigned color to its points so that two adjacent points have different colors and
also non-adjacent vertices have either same color or any other colors. The chromatic number y(G) is defined as
the minimum I for which a graph G has an I-coloring.

I1. FACTORI-DIFFERENCE LABELING TO SOME SQUARE GRAPHS
1.12. Definition
A connected graph G is a factori-difference labeling if there exists a bijection f : V(G) — {2, 3, ... ,p} such

that the induced function g : E(G) — N defined as g (uv) = % and that edges labels are distinct.

A graph which acknowledges a factori-difference labeling produces a factori-difference graph.

1.13. Theorem
The square graph P,%,n > 3 of a path graph P,,n > 2 is a factori-difference graph.
Proof

Let B,, (n = 2) be a path graph with n vertices say uy, u,, ... ,u,, and n — 1 edges. Let G be the square
graph of a path graph P,2,n > 3 with n vertices and 2n — 3 edges. The successive vertices of square graph of a
path graph P,* are uy, uy, ... ,uy,. i.e., V(G) =V(R,?) ={w/1 <i<n}and E(G) = E(R*) = {wu,1 /1<
I<n—1Uwini+2 / 1<i<n—2. Also, V(Pn2)=n and £(Pn2)=2n—3. The maximum degree is 4=n—1, n<54,
7=>6 and the minimum degree is J=2 of the square graph of a path graph 272, »n>3. Define f :VPn2-{1, 2, ...
,n}as follows, f(u,))=i+1forl<i<n. Then, the factori-difference labeling conditions e = uv =

%md for any edge f(e;) # f(ej ),i # j are satisfied. Clearly, vertices and edges labels are
distinct. Hence, the function f is a factori-difference labeling for a square graph of a path graph P,%,n > 3.
Thus, the square graph of a path graph P,%,n >3 is a factori-difference graph. The chromatic number

x(B,%),n = 3 of a square graph of a path graph B, is the minimum k. i.e. x(B,?) = 3.

1.14.Example
The factori-difference labeling of a square graph of a path graph P,%,n > 3 is shown figure 1.

w(2)(6)y, (3)(B) U1 (M) (0)

Figure 1. Factori-difference labeling for a graph P,* and x(P,*) = 3.

1.15. Remark
The resultant graph of a square graph of a path graph P, is a complete graph if n = 3.

1.16. Theorem
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The square graph C,%,n > 4 of a cycle graph C,, n > 3 acknowledges a factori-difference graph.
Proof
Let C,,n = 3 be the cycle graph with both n vertices and n edges. Let V(C,) = {w;/1 <i <n} and E(C,) =
{fujujp1 /1 <i<n-1}uU{u,u;}. Let the resultant graph G be a square graph of a cycle graph and it is
n+2,n=4 _ 2y _
m> 5 edges. Here, V(G) =V(C,*) =
fu//1<i<n} and E(G)= E(an) ={uu/1<i<n—-1}U{uujVf{yu,,/1<i<n-2}uU
n+2,n=
{1} U {12}, Also, |V(C, )| = nand |E(C, )] = { AR
=n—1=6n=
A=4=6,n=>5
defined f : V(C,?) - {1,2, ... ,n} as follows, f(u;) = i + 1 for 1 < i < n. Then the factori-difference labeling
[f +f(w)-1]!
[f @)—1f () -1]!
fle) # f(ej),i + j. Clearly, every vertices and edges labels are distinct. Thus the function f is a factori-
difference labeling for a square graph of a cycle graph C,%,n > 4. Hence, the square graph of a cycle graph
C,% n = 4 acknowledges a factori-difference graph. The chromatic number y(C,*) of a square graph of a cycle
3 if niseven
graph C,% n > 4 is the minimum k. i.e. x(C,%) = [ 4 if nis odd
n if C,* is complete graph

denoted by C,% n >4 with n vertices say uy,uy, ... ,u, and {

4. The maximum and minimum degree of

a square graph of a cycle graph C,%,n > 5 are both {A 4. The bijection mapping function is

conditions are satisfied and that the conditions are every edge e = uv = and for any edge

1.17. Example
The factori-difference labeling of a square graph of a cycle graph C, %, n > 4 is shown figure 2.
u1(2)(6)
w0y (n + 1)(Y) ﬁz(zxm
1 (1) (G) &+ B (4) (V)
3 if niseven
Figure 2. Factori-difference labeling for a graph €,* and x(C,?) = 4 if nisodd
nif an is complete graph
1.18. Remark

The resultant graph of the square graph of a cycle graph C,%,n > 4 is a complete graph if n = 4, 5.

1.19. Theorem

The square graph F,%,n > 3 of a fan graph F,,n > 2 admits a factori-difference graph.
Proof

Let the fan graph F,,n > 2 be uy, uy, ... ,u,4q Verticesi.e,, n + 1 vertices and 2n — 1 edges. Let G =
E,%,n > 3 which means square graph of a fan graph with n + 1 vertices and 3n — 3 edges. Let V(G) =
V(E?)={w/1<i<n+1} ad E@G)=EF*)={ww/2<i<n+1U{yu,y/2<i<n}u
{wui,/2<i<n-—1} Here, |V(E,*|=n+1and|E(E,?)|=3n—3. The maximum and minimum
degree of a square graph of a fan graph F,%,n > 3 are A= n and § = 3. The labeling function is defined f :
V(E,*) - {1,2,.. ,n+1}as follows, f(u;) =i+ 1forl<i<n+1. Then the factori-difference labeling

[f @)+f @w)—-1]!

[f @)—1f () -1]!
fle) # f(ej ),i # j. So that, every vertices and edges labels are distinct. Hence, the function f is a factori-
difference labeling for a square graph of a fan graph F,%,n > 3. Therefore, the square graph of a fan graph
E,%,n > 3 admits a factori-difference graph. The chromatic number y(F,?) of a square graph of a fan graph
F,%,n > 3 is the minimum k. i.e. x(F,*) = 4.

conditions are satisfied and that the conditions are every edge e = uv = and for any edge

1.20. Example
The factori-difference labeling of a square graph of a fan graph F,%,n > 3 is shown figure 3.
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......... u,_l;(n' ¥ 1) @

w(3)(B) ' wa (04 2)(Y)

1, (2)(G)
Figure 3. Factori-difference labeling for a graph F,,? and x(F,%) = 4.

1.21. Theorem

The square graph B,?,n > 2 of a brush graph B,, n > 2 is a factori-difference graph.

Proof

Let the brush graph B,,,n > 2 with 2n vertices and 2n — 1 edges. Here, uy, Uy, ... , Uy, Upyq, -, Uz, DE  the
vertices of brush graph. Let G = B,% n > 2 i.e., the square graph of a brush graph with 2n vertices and 5n — 5
edges. Let V(G) =V(B,?) ={w/1<i<2n} and E(G) = E(B,*) = {wtiy1 /1 < i < n}U{wugns1_; /
I<i<nUuwiui+2 / 1<isnUwiuZn—:; / 1<isn—I1UwiuZn+2—i / 2<i<n. Also, V(Bn2)=2nrn and
|E(Bn2)| =5n— 5 The maximum and minimum degree of a square graph of a brush graph B,%,n > 2 are

n+1n= 2 . . .
A= {n+ 20> 3 and 8 = 2. The mapping function f : V(B )—> {1,2,...,2n} is defined by, f(u) =i+

1for1 < i < 2n. Such that, the factori-difference labeling conditions are satisfied and that the conditions are

[f @)+f (w)-1]! ., :
—[f(u) M) 1] and for any edge f(e;) # f(e ) i # j. So that, every vertices and edges

labels are distinct. Hence, the function f is a factori-difference labeling for a square graph of a brush graph
B,%,n > 2. Therefore, the square graph of a brush graph B,2,n > 2 is a factori-difference graph. The chromatic
number y(B,?) of a square graph of a brush graph B, %, n > 2 is the minimum k. i.e. )((an) =4,

every edge e = uv =

1.22. Example
The factori-difference labeling of a square graph of a brush graph B,,n > 2 is shown figure 4.

Uy, (2n + 1)(Y uZn—l(zn)(y) Uy i1 (n+ 2)(Y)

n+2 )
2)(G 3
u; (2)(6) ug( ).(% W (h)zio)(n+ (&)

Figure 4. Factori-difference labeling for a graph B,,* and x(B,?) = 4.

1.23. Theorem

The square graph T,,2, n > 2 of a friendship graph T,, is a factori-difference graph.

Proof

Let the friendship graph T, be the n copies of cycle graph C; with 2n + 1 vertices and 3n edges. i.e.,
Up, Uy, e, Uy, Uniq, o) Upniq DE the successive vertices of T, and u, be the apex vertex. Let G = T,,%,n > 2
which means the square graph of a friendship graph with 2n + 1 vertices and 2n? + n edges. Let V(G) =
V(T,?)={w/1<i<2n+1}. Here we note that, |V(T,%)|=2n+1and|E(T,*)|=2n*+n. The
maximum and minimum degree of a square graph of a friendship graph T,%,n > 2 are A= 2n = §. The labeling
function f:V(T,?) > {1,2,..,2n+ 1} is defined by, f(u)=i+1forl1<i<2n+1. Such that, the
factori-difference labeling conditions are satisfied and that the conditions are every edge e =uv =

%and for any edge f(e;) # f(e]) i #j. Clearly, every vertices and edges labels are distinct.

Hence, the function f is a factori-difference labeling for a square graph of a friendship graph T,%,n > 2.
Therefore, the square graph of a friendship graph T, %, n > 2 is a factori-difference graph. The chromatic number
x(T,,*) of a square graph of a friendship graph T,%,n > 2 is the minimum k. i.e. x(7,,*) = 2n + 1.

1.24. Example
The factori-difference labeling of a square graph of a friendship graph T,,2, n > 2 is shown figure 5.

us(6) (P_ e
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Figure 5. Factori-difference labeling for a graph T,,2 and
x(T,2)=2n+1.

1.25. Remark
The resultant graph of the square graph of a friendship graph T, %, n > 2 is a complete graph.

1.26. Theorem
The square graph W, %, n > 4 of a wheel graph W,,,n > 3 produces a factori-difference graph.
Proof
Let W,,n > 3 be the wheel graph with successive vertices uy,u,, ... ,u,41 and u; be the central vertex.

i.e., W,,n >3 have n + 1 vertices and 2n edges. Let G = W, %, n > 4 which means square graph of a wheel
graph with n + 1 vertices and "("T“) edges. Let V(G) = V(W,?) = {w;/1 < i < n+1}. Here, [V(W,%)| =n+
1 and |E(an)| = @ The maximum and minimum degree of a square graph of a wheel graph W,%,n > 4
are A=n = §. The bijection mapping function is defined f : V(an) -{1,2,..,n+ 1}as follows, f(u;) =
i+1for1l <i<n+ 1. Then the factori-difference labeling conditions are satisfied and that the conditions are
every edge e = uv = % and for any edge f(e;) # f(ej),i # j. Clearly, every vertices and edges
labels are distinct. Thus, the function f is a factori-difference labeling for a square graph of a wheel graph
W, %, n > 4. Therefore, the square graph of a wheel graph W, %, n > 4 produces a factori-difference graph. The
chromatic number y(W,?) of a square graph of a wheel graph W, %, n > 4 is the minimum k. i.e. )((an) =n+
1.

1.27. Example
The factori-difference labeling of a square graph of a wheel graph W,%,n > 4 is shown figure 6.

Uy 11 (n+ 2)(P)

Figure 6. Factori-difference labeling for a graph W, ?and y(W,*) = n + 1.

1.28. Remark
The resultant graph of the square graph of a wheel graph W, %, n > 4 is a complete graph.

1.29. Theorem
The square graph H,?,n > 3 of a helm graph H,,n > 3 acknowledges a factori-difference graph.
Proof

Let H,,n = 3 be the helm graph with 2n + 1 vertices and 3n edges. Let G = H,?,n > 3 be the square
graph of a helm graph with 2n + 1 vertices and 7n,n > 5 edges. Let V(G) = V(H,?) = {v;/1 <i < 2n+ 1}
and EG)=EH,*)={ww /2<i<2n+1Uf{wuy /2<i<n+1}U{u,qulV{wu,,; /2<i<
n+lVuini+2 / 2<i<n—1Uwiun+i—2 / 2<isn—2Uw2uZn+1 Uwiun+1+i / 2<i<nUuiun—1+i /
3<i<n+1. Here, V(An2)=2n+1 and £(An2)= 7n, n=5. The maximum and minimum degree of a square
graph of a helm graph H,%n >3 are A=2nand§ = 4. The function f:V(H,*) - {1,2,..,2n+1}is
defined by, f(u;) =i+ 1for1 <i < 2n + 1. Then the factori-difference labeling conditions are satisfied and

- o @ ®-1) , N
that the conditions are every edge e = uv = )1 ()1 and for any edge f(e;) # f(e] )i #j. Clearly,

every vertices and edges labels are distinct. Hence, the function f is a factori-difference labeling for a square
graph of a helm graph H, % n > 3. Therefore, the square graph of a helm graph H,% n > 3 acknowledges a
factori-difference graph. The chromatic number y(H,?) of a square graph of a helm graph H,?,n > 3 is the
minimum k. i.e. x(H,?) = {n *2n=3
n n+1, n=>4
1.30. Example
The factori-difference labeling of a square graph of a helm graph H,%,n > 3 is shown figure 7.
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Upy2(n +3)(V)
Upyz(n+ 4D (V)

o5
£y

Jed S e Lieneent
Sip il
R
e

Unys(n +5)(V)

Figure 7. Factori-difference labeling for a graph H,, and

n+2 n=3
X(H"Z)z{n+1, n>4

1.31. Theorem

The square graph L, %, n > 2 of a ladder graph L,, n > 2 produces a factori-difference graph.

Proof

Let the product graph P, X B, is called the ladder graph L,,n = 2 has 2n vertices and 3n — 2 edges. Let the

resultant graph G is the square graph of a ladder graph L, %,n > 2 with 2n vertices and 7n — 8 edges. Let

V() =V(L) ={w/1<i<2n}and E(G) = E(L,*) = {wuwiyy /1< i<2n—1U{wuy, 4y /1<i<
nUuiui+2 / 1<i<2n—20uiuZn—i / 1<i<n—1UwiuZn+1—i / 2<i<n. Such that, V(Zn2)=2n and £(Ln2)=
7n — 8. The maximum and minimum degree of a square graph of a ladder graph L,%,n>2 are A=

n+lifn=2 t1lifn=2
n+2ifn=34and § = {n M7 2 vespectively. The labeling function £ : V(L,?) = {1,2, ... ,2n} is
7ifn>5 4 if n>3

defined by, f(u;) =i+ 1for1 <i < 2n. Then the factori-difference labeling conditions are satisfied and that

. o @ -1 _ i
the conditions are every edge e = uv = TOETTIOET and for any edge f(e;) # f(ej ),i # j. Clearly, every

vertices and edges labels are distinct. Thus, the function f is a factori-difference labeling for a square graph of a
ladder graph L,2,n > 2. Therefore, the square graph of a helm graph L,% n > 2 produces a factori-difference
graph. The chromatic number y(L,*) of a square graph of a ladder graph L, n = 2 is the minimum k. i.e.
4, n=2
)((an) = {n +1, n=3,4.
6, n=5

1.32. Example
The factori-difference labeling of a square graph of a ladder graph L, %, n > 2 is shown figure 8.

Uyn—2(2n — 1)(P)

";.;.i 1(n+2)(B)
un+ﬁy)
o cios 8 Bu, (n+1)(6)

L+
....

U — n) (}{)..
U, (2n+1)(0

u; (2)(G

Figure 8. Factori-difference labeling for a graph L, and
4, n=2

x(L,2) = {n +1, n=3,4.
6, n>5

1.33. Theorem

The square graph S,2,n = 3 of asun let graph S, n = 3 is a factori-difference graph.

Proof

Let S,,,n = 3 be the sun let graph with both 2n vertices say uq, u,, ... , u,, and 2n edges. Let the resultant graph

G be a square graph of a sun let graph and it is denoted by S,%,n > 3 with 2n vertices say uy, u,, ... , U, and
in, n=3

{411 +2,n = 4 edges. Here, V(G) = V(S,?) = {w;/1<i<2n}and E(G) = E(S,*) = {wwy /1< i<n-—
5n, n=5

Bu{uaudV{uu, /1<i<n—-23U{upqui U {upupd Uiw,y /1< i<n}ufuu, 1 /2<i<
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in, n=3
Uy /1< i <n— 13U {upiy 1} U {wgug, ). Also, [V (S,%)| = 2nand |E(S,%)| ={4n+2,n =4.

51, n>5
The maximum and minimum degree of a square graph of a sun let graph S,%,n > 3 are A= {n -; 2, 1711>_ 3’4

and & = 3 respectively. The labeling mapping function f : V(Snz) - {1,2,...,2n}is defined by, f(w;) =i+
1for 1 <i < 2n. Clearly, every vertices and edges labels are distinct. So that, the factori-difference labeling

conditions are satisfied and that the conditions are every edge e = uv = % and for any edge

fle) # f(ej ),i # j. Then, the function f is a factori-difference labeling for a square graph of a sun let graph
S,%,n = 3. Thus, the square graph of a sun let graph S,%,n > 3 is a factori-difference graph. The chromatic
4, niseven

number x(S,%) of a square graph of a sun let graph S,,%, n > 3 is the minimum k. i.e. )((Snz) = { S nisodd"

1.34.Example
The factori-difference labeling of a square graph of a sun let graph $,,%,n > 3 is shown figure 9.

Up 11 (n+2)(P)

Uy, (2n+ 1 (P) u; (2)(6)

(3B
Upy2(n +3)(P)

u,(m+ 1))

DRIQI() KL o

Upp—1 (Zn) (P) Up43 (Tl + 4—) P)

Figure 9. Factori-difference labeling for a graph $,,2 and

2y _ (4, niseven
X(S" )_{5, nisodd’
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11l. CONCLUSION
In this paper, we discussed the factori-difference labeling and that the factori-difference graph. The factori-
difference labeling conditions are satisfied to some square graphs of a classes of graphs likely path, cycle, fan,
brush, friendship, wheel, helm, ladder, sun let graphs and also the above graphs are produces the factori-
difference graphs. Also, we found that the chromatic number of the square graph of some classes of graphs.
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