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ABSTRACT
The purpose of this paper is to solve different types of initial value problems (I'VPs) for space time
fractional transport equations, space time fractional diffusion and wave equations as well as space
time fractional Airy’s equation using the Adomian decomposition method. The method is
successfully applied and series solution of initial value problems are obtained, converging to a
function known as solution function of the initial value problems.
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I. INTRODUCTION :
Many problems in mathematical, physical, chemical and biological sciences and technologies are governed by
differential equations. In recent years, fractional differential equations have attracted many researchers due to
their applications in the field ofvisco-elasticity, feedback amplifiers, electrical circuits, electro analytical
chemistry, fractional multipoloes etc. Consider the general linear fractional partial differential equation

DYu(x, t) = X a Di} u(x, t) +Xi; bj DE; u(x, )+ Xisq gD u(x, H)+du(x, )+f(x, 1);
m-1<o<m,2<§<3,1<P;<20<y<1 meNwhereX=(X;, X, ..X) €R",

a;, bj, c;, d are real constants, 0<7<T, f(x, t) is known real as valued continuous function and D*; u(x, t) is the
uth-order Caputo partial fractional derivative of a function u(x, t) with respect to  t *.These equations appear in
many interesting physical processes such as transportation, diffusion of heat, propagation of wave.

Fractional transport equations

DfuU(x, 1) = X7 ¢ Dg u(x, t)+f(x ,t); 0<a<l, 0<y<1 (1.1)
represent transportation phenomena. Fractional diffusion-wave equations

DEu(x, 1) = Xy bj DY u(x, ty+du(x, )+f(x , 1); m-1<a<m 1<p<2, (1.2)
DU, t) = X7 a,—Df]’.' ux,t) +f(x,t); m-1<a<m 2<6;<3, meN (1.3)

represent relaxation phenomena in complex viscoelastic material, propagation of mechanical waves in visco-
elastic media, non-Markovian diffusion process with memory, electromagnetic acoustic and mechanical
responses, Roman and Alemany investigated a continuous time random walks on fractals. Fractional differential
equations are solved by A domain decomposition method , Finite sine transform method, an iteration method,
method of images and Fourier transform, Green’s function method .

We define Caputo partial fractional derivative. It needs following Riemann-Liouville fractional integral.
Definition 1.1 :

The (left sided )Riemann-Liouville fractional integral of order pu, p > 0 of a function u(x, t) € C,, o > -1 is

denoted by I/ u(x, t) and defined as

p =1 (Yt =t
D¥u(x, t) =t Jot =" u(x, 7)dz, t>0
Definition 1.2

The (left sided ) Caputo partial fractional derivative of a function
u(x, t)e C|", w. r. t “ t > is denoted by D! u(x, t) and is defined as
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6_’” (X t) H=m, meN
DFu(x, t)= “om
L' ”atmu(x HDm—-1l<u<m
wherel* u(x, t) is Riemann-Liouville fractional mtegral of ordery, u>0
Note that, I¥DFu(x, t)=u(x, t) -Xie 2 u(x, 0) , Mm-1< yu <m, meN

=0 ot k

and = L&D

I'(u+v+1)
Mittag-LefflerFunction :In 1902, Mittag-Leffler introduced the one parameter function commonly known as
Mittag-Leffler function which is denoted by E, (z)and defined as

k
B (@i gy (@>0) (14)
Example:(i) If we put a= 1 then equation (1.4)becomes,
—\"0 2 e ZF_ z

Ei(2) =X¥=o T+ 1) =Xk=0 o€
Example:(ii) If we put o =2 then equation (1.4) becomes,

t(“ +I‘)

o0

Ex(2) =Xk- OF(2k+1) =2k O(Zk,) = coshz

The rest of this paper is divided into the following sections. In section 2, Adomian decomposition method is
discussed. Iterative solution of initial value problem for general fractional diffusion-wave equation is obtained
as an application of Adomian decomposition method. In section 3, some illustrative examples for fractional
transport, fractional diffusion, fractional Airy’s equation as well as fractional wave equation are discussed.

1. ANALYSIS OFADOMIAN METHOD FOR FRACTIONAL INITIAL VALUE PROBLEMS:
Consider the general fractional partial diﬁerential equation

Dfu(x, )= X1 D u(x t)+X7_ 1b]D u(x, t)+ Z};lch” u(x, t)+du(x, H)+f(x, t); (2.1)
With the initial condltlon w0 —px), 0<k <m—1(22)

Fractional partial differential equatlon (2.1) together With the initial condition(2.2) is called initial value
problem.
We are interested for series solution of such type of initial value problem (IVP).

u(x, t) =Xoui(x,t) (23)
Applying If, to the equation (2.1) on both sides

IEDEUE) = 1 (Bioy aj DY) u(x, )+X0, bj DL u(x, D+X7_; DY u(x, 1) +du(x, +(x,1))
And using initial conditions (2.2), we get
U =X hy (%) +I“(Z” 1atjD u(x, t)+Z” 1bj Dﬁ’ u(x, )+ X7 lc,D” u(x, t)+du(x, t)+f(x,t))
S0 i, =T by (O HIE (= 0 DY Biguy(, ) 450y bj DY Towi(x, 1)

+ 27 1cJDy Yo ou(x, ) +dY 2w (x, t) + f(x,b)

Y2 ou;(x, )= by (x)F HIE(S_y aj Dy Tiou(x,0) + IF (T by DY Biou(x, 1)
+IF (X CJDW Dicow (x, )+ IF (dXi wi(x, 8)) +IF (f(x1))  (2.4)
Now we define the recursive scheme
o D=3y (4) fﬂa (f(c. 1)
ui(x, =1 (Xj=1 a; D Uo(X ) + I Q- Dﬁ] Uo(X , 1)) +If (- 1CJD” Uo(X , 1)) + I (duo(x , 1))
Ua(X, )= If (Xj=1a; D U1(X 1) + If (Z Df] ui(X, 1)) +If (U= 1CJD” uy(x, 1) + I (dus(x , 1)) .

(X )= I8 (Z7_y @ DY) Una(X, O)+ I8 (T0_y by D) Upa(X, 1) +1E (Z0y DY) Upa(X , 1)) + I (dUna(x , 1)

It is noteworthy that the recursive scheme is constructed on the basis that the zeroth component ug(x, t) defined
by a term that arises from the initial condition and the source term f(x, t), both are known. Hence ug(x, t) is
known. The remaining components un(X, t), n =1 can be completely determined; each component is computed
by using the previous component. As a result, the componentsu,, u;, U, ... are calculated and the series solution
is determined. Based on the Adomian Decomposition method, we considered the solution u(x, t) as
u(x, t) =1lim,,_,, ¢,(2.5)
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where the (n+1) term approximation of the solution is defined in the following form

dn= Lk=o Un(X, 1) (2.6)

We apply this method to some examples, and the solutions are obtained in closed form. In linear problems, the
practical solution ¢, ,the n-term approximation is converging. However, in many cases, it may not be possible to
obtain the exact solution in a closed form. The question of convergence is established.

1. ILLUSTRATIVE EXAMPLES :
In this section, we discuss some illustrative examples for space time fractional transport equations, space time
fractional diffusion equations, space time fractional wave and Airy’sequations one by one.
) Space Time Fractional Transport Equation:
These equations appear in the mathematical description of many phenomena in classical and statistical physics.
Now we consider some examples of space time fractional transport equations with suitable initial condition
Example 3.1 Consider the space time fractional transport equation

X+ 2020, 0<as<1 0<B<Ly=1t>0 %ER (3D
with the initial condition
u(xy, 0) = x7 (3.2)
The initial value problem (3.1)-(3.2) is a special case of IVP (2.1)-(2.2).
Solution:We know that
a B
aat_a =D{ , a_f: Df1
are the Caputo time fractional derivative of order a and the space fractional derivative of order p respectively.
We look for series solution
u(x,t) = XiZo uilXa , t)
Multiply by the inverse operator I to equation (3.1),we get,
Dfu(x;,t) =-DF u(xy, 1)
I#DEu(xy , t) =- I12DF, u(xy , 1)
Ul , ) = ulxa, 0) - I[Df; u(xa , 1)]
TEow(x, ) = u(x, 0)- IF[Df) Bouilx , 0]
Up + Up + Ug....... =u(xy, 0) - IE[DF, uo(xy , )] - IZ[DP, us(xy , )] - IE[DE, up(xy , )] - IE[DP} us(xq , )] -

From recursive relations, we get,
Ug(Xy, ) =u(xg, 0) = xf

rg+1) ,q
b(x: ) = - 1D, wolxa, O] = - 1Dl 1= T

rg+1) .q
Up(Xs , 1) = - IE[DE, ui(xe , ©)]= - I¥ DY, (FE”L;t ) =

Substituting ug, Uy, Uyin series (3.3), we have, the solution of IVP (3.1)-(3.2)
B _TB+1)
u(xg , t) =x; o) t
1. Fractional Diffusion Equation:
Now we consider an example of space time fractional diffusion equation with suitable initial condition
Example 3.2 Consider the Cauchy problem for space and time-fractional diffusion equation,
tuxl, x2, V) _ K (6Bu(x1 X280, 6pu(x1 X2 t)) (3.4)

at%
0<x<1, 1<B <2, (X1,X2)ER2

with the initial condition, u(x; , X, , 0) == (x1+ xz)(S 5)

The initial value problem (3.4)-(3.5) is a speual case of IVP (2.1)-(2.2).
Solution:We know that

a® ab

Py t P 51’(9)(2 = DEZ'

are the Caputo time fractional derivative of order a and the space fractional derivatives of order B respectively.
We look for the series solution

U(Xe, Xz, 1) =X 720 Ui(X1, Xz, 1) (3.6)

Multiplying by Ifto both the sides of equation (3 4), we get,
IFDFU(Xy, X, 1) =K If [D LU, Xo, )+DXZ u(Xy, Xo , 1]

U(X1, X2, 1) - U(Xy, X2, 0) = KIF[Dgq U(Xy, %o, 1) + D3 U(Xy, X2, 1)]
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u(Xg, Xo , t) =u(Xy , %o, 0)+KIF [DE1 u(Xg, Xo, t) + DEZ u(Xy, X2, 1]
Dieo Ui(Xe, X2, 1) = U(Xq , Xz, 0)+KIF [D51 2o Ui(X1, Xo, )+ DEZ Yizo wi(Xy, X, 1)]
Up+ Uy + Us........ =u(Xy, X2, 0) +KIf [DE1 Uo(Xy, X, t) + DEZ Uo(X1, Xo, 1)] + KIF [sz1 Us(Xy, X, 1)
+ DEZ Us(Xg, Xo, )] + KIF [DE1 Up(Xy, Xp, t) + DEZ Up(Xg, Xo, £)] +.......
From recursive scheme, we get,
U1, Xz, 1) = U(xs , %o , 0) = 7 (x4 x5)
Ui, o, 1) = KIE[DE; Uo(e, Xo, )] + KIE[D, Uo(xa, %o, 1)]
= KIZ[DE, 5 (xf+ xB)] + KIg [D, 5 (<) + xD)]
rg+1 t
I'(a+1)
Uo(Xe, o, 1) = KIF[DE; U, Xo, ] +KIF[DE, s, X, 1)]
= KIZ[D, 5 (xh+ x0)] +KIE [DE, 2 (xf+ x5)]
= 17Dy [K Fet 1+ 1 D, [K 12 1]
Sut?stituting Uo, Ug, U,in series solution(3.6), we have the solution of IVP (3.4)-(3.5)

1 rg+1
U(Xe , Xz, 1) :E(x§+x2) + K%t“

IILFractional Airy’s Equation:
Now we consider an examples of space time fractional Airy’s equation with suitable initial condition
Example 3.3 Consider the space time-fractional Airy’s equation
a%u(x1, t) _ aPuxl, t)
v~ axl @7
O<x<1, 2<pB <3, X:€ER
with the initial condition
u(xy, 0) = =x} (3.8)
The initial value problem (3.7)-(3.8)for space time fractional Airy’s equation is a special case of IVP (2.1)-(2.2).
Solution: We know that
2 e B
ate v ax1 x1
are the Caputo time fractional derivative of order a and the space fractional derivative of order B respectively.
We look for the series solution
U0, ) =5 UK, 1) (39)
Multiplying by I?to both the sides of equation (3.7), we get,
IEDEu(xy , ) = I (D, U(xe , 1)
u(xg, t) - u(xy, 0) = I [Dyy u(xq , t)
U(xy , ) = u(xq, 0) + IE[D2, u(xy, t)
Sfowilxe )= Ul , 0) + IE[DG; B wi(xa, ]
U+ Up + Ug..... ... =u(xy, 0) + I7[DP, up(xy, ) ] +1 [ D2, uy(xy, t)]+....
From recursive scheme, we get,
1
Uo(X1, ) =u(xy,0) =7 (X?)

U, 1) =IE[DE; ug(xa, )]

1
= 1#[D%, < (7)1

_ 1T @B+1)

T 6I(a+1)

Up(xe, 1) =I£[DE; U0, B)]
_garpf 1 FB+D) o
=1 [Dxla F(a+1)t ]

=0
Substituting ug, Uy, Uy in series (3.9), we have the solution of IVP (3.7)-(3.8),

_1 F(+1) .o
U0, B = (00 )+ oy €

IV. FRACTIONAL WAVE EQUATION:
Now we consider an examples of space time fractional wave equation with suitable initial conditions
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Example 3.4 Consider the space time fractional wave equation
Deu(xy, t) =DP,u (3.10)
O<x<1, 2<B <3, x€ER
with the initial condition
u(Xg, 0) = €os Xz U(Xg, 0) =0 (3.11)
The initial value problem (3.10)-(3.11)for space time fractional wave equation is a special case of IVP (2.1)-

(2.2).

Solution: We know that
" _ N b _
e D, ax1 Ot

are the Caputo time fractional derivative of order a and the space fractional derivative of order B respectively.
We look for the series solution

u(xy, ) =X7Z0 ui(xy, t) (3.12)
Multiplying by I¥to both the sides of equation (3.10), we get,
IEDeU(Xy , 1) = IE[DP, u(xy , 1) ]
U(Xl ) = u(xy, 0)+ uy(xy, 0) + Ia[D 1 u(xy, 1)]

Tio uilXe, 1) = U(xg, 0) + IF[DE; Tio wi(xy, 1)]
Up+ Uy + Us........ =u(x;, 0) + IZ[DP, Ug(xy, t) T +IE [ D2 Uy(Xq, )T .oooe. ..
From recursive scheme, we get,
Up(Xg, t) =u(Xy, 0) =cosxy
u(xy, t) =1 [D51 Uo(X1, 1)]

= I”‘[Dxl cos xl]

= coS( Xy + ﬁ )

F(a+1)
Up(Xy, 1) =I¢ [DX1 Uz (Xq, )]
= ¢ [D” 1cos(x1+ ﬁ)r(alﬂ) “
=[cos (x, + 7ﬂ ) F(2a+1) ]
Us(a, ) =1 [Dyy Up(a, )]
= I¢[DE;cos (x4 + 2—”ﬁ ) m;m ]
=[cos (x; + —ﬁ ) F(3a+1) £]
Ui(Xy, t) = Ia[D 1 Uiia(Xq, 1)]
=[cos (x; + Eﬂ ) mtm]

Substituting Uy, Uy, U in series (3. 12) we have the solution of IVP (3.10)-(3.11),

u(xg, t) cosx1+cos(x1+ B)r( =y ¢

20
F(2a+1)

u(xa , 1) =Xz cos (x1 +2 B)F(i:+1)(t“)' (3.13)
Remark 3.1 If we put o = 2, B = 2 in IVP (3.10)-(3.11) for space time fractionalWave equation and in its
2(2)Iution (3.123), \1Ne r;ave

ux1l, t) _o0%u(xl, t

o= ;x% (3.14)
u(Xy , 0) =cos x;u; (X, , 0) =0 (3.15)
UXg, t) =Xi2gcos (x1+ inB)

= C0SX;C0st (3.16)
Now we observe that (3.16) is solution of IVP (3.14)-(3.15).Therefore we conclude that our results obtained for
IVP of time space fractional wave equation agree with I\VVP for classical wave equation.

+c0s (X, +2°B)

2y\i
I'2o +1)(t)
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