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I. INTRODUCTION 
Recently many researchers compared SCR activities and hydrothermal stabilities of Cu/CHA with other Cu

2+
 

ion-exchanged zeolites, especially Cu/ZSM-5 and Cu/beta [1-4]. In 2005, the SCR technology was brought to 

the market for heavy duty vehicles already, based on the use of similar formulation on honeycomb monolith 

catalysts [5]. However, the low stability of vanadia at high temperature and more and stricter NOx emission 

regulations for both heavy and low duty vehicles, whichr equires higher activity at low temperature, have 

motivated the introduction of zeolitebased catalysts promoted by transition metals, as iron [6–8] and copper [9–

11]. Unai De-La-Torre et.al.,[12] have been proposed a steady-state global kinetic model for the NOx NH3-SCR 

reaction system in excess of oxygen. 

In this present work, the analytical solution for concentration of ONandNONONH
223

,,  involved in the 

reaction systems for global kinetic model considering steady state regime has been proposed. The nonlinear 

equations in global kinetic model depicted by the mathematical model have been solved by Homotopy 

perturbation method [13 - 24]. These analytical results are useful to understand and optimize the behavior of 

ONNONONH
CandCCC

223

,, in global kinetic model. The information gathered from the theoretical modeling is 

fruitful in experimental design, optimization and prediction of the SCR reaction network. 

 

II. FORMULATION OF THE PROBLEM AND ANALYSIS 

In the SCR reaction network, there are seven reactions estimate in the global kinetic model and parameter 

estimation as follows [12]: 

NH3 +3/4 O2 → 1/2 N2 +3/2 H2O 

NO+ 1/2 O2 ⇄ NO2  

NH3 + NO+ 1/4 O2 → N2 + 3/2 H2O 

2 NH3 +NO+NO2 → 2N2 +3 H2O         (1) 

4 NH3 + 3 NO2 → 7/2 N2 +6H2O 

3 NH3 +4NO2 → 7/2 N2O +9/2 H2O 

2N2O → 2N2 +O2 

For the above reaction schemes, the kinetic equations for NH3, NO, NO2 and N2O are as follows[12]: 
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where 
ONNONONH

CandCCC
223

,, represent the concentration of ONandNONONH
223

,,  respectively. 

The non-linear differential equation that reaction rate for each component in the medium is evaluated as: 
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The corresponding an initial condition for the Eqns. (3)–(6) is follows [12]: 

at [W/Q] = 0; 
4321 223

,, aCandaCaCaC
ONNONONH
       (7) 

 

Analytical expressions of the concentration using the Homotopy Perturbation method 

In this section, the Homotopy perturbation method (refer Supplementary method of the manuscript) is used to 

solve nonlinear differential equation. We have solved the non-linear differential equations (3) – (6) with an 

initial condition, using this method. The analytical expression of the concentrations of species NH3, NO, NO2 

and N2O
 
respectively can be obtained as follows: 
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Eqns. (8) – (11) satisfy the initial condition (7). These equations represent the reliable and closed-form of 

analytical expression of concentrations for all possible values of the parameters.  

 

III. NUMERICAL SIMULATION 

The non-linear differential Eqns. (3) – (6) for the given initial conditions Eqns. (7) are being solved numerically. 

The function pdex, in MATLAB software which is a function of solving the initial value problems for non-

linear ordinary differential equations is used to solve these equations. The numerical solutions are compared 

with analytical results using Homotopy perturbation method as shown in Figs. (1) – (4) and it gives a 

satisfactory result. The MATLAB program is also given in Appendix B. 
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IV. RESULT AND DISCUSSION 
The non-linear differential Eqns. (3) - (6) depending on the concentration of NH3, NO, NO2 and N2O in the 

global kinetic model subject to the initial condition Eqn. (7) have been solved analytically using Homotopy 

perturbation method. Since the derived solution is very comprehensive, it is very hard to analyze by seeing the 

expression, so the predictions have been depicted as graphs in Fig.1- Fig.4. In order explore the results; the 

analytical solutions were carried out for different values of the parameters involved in the system. To see the 

accuracy and efficiency of the analytical solution derived is compared with the numerical solution (function 

pdepe, Finite element method in MATLAB), which shows the good accuracy of derived expression i.e. 

analytical solution matched well with numerical solution which is projected in Fig.1-Fig.4.  

Figure 1 represents that the Concentration of species NH3 versus space time [W/Q] in global kinetic model. 

From Fig.1 (a), concentration of species NH3 decreases from one sharply and becomes steady state when 

[W/Q] 1. The concentration of species NH3 decreases when the Kinetic rate constant k1 increases. Fig. 1(b), it 

is inferred that the concentration of species NH3 increases when the Kinetic rate constants k5 increases for the 

some fixed values. In Fig. 1(c), it is labeled that the concentration of NH3 decreases when the equilibrium 

constant 
3NH

K  decreases for the fixed value of other parameter.  

Figure 2 exhibits the concentration of species NO in the global kinetic model versus space time [W/Q] for 

different values of k2 and
3NH

K . From Figures 2(a), it is inferred that the concentration of species NO increases 

when the Kinetic rate constant k2 increases for the fixed values of other parameter. In Figures 2(b), we show that 

the concentration of species NO in the global kinetic model for various values of the equilibrium constant 
3NH

K  

and for some fixed values of other parameter. From this figure, we conclude that the concentration of species 

NO increases when the equilibrium constant 
3NHK  decreases. 

Figs. 3 show the concentration of species NO2 versus space time [W/Q]. From Figure 3(a) and 3(b), it is 

described that the concentration of species NO2 slowly reaches the constant when the Kinetic rate constant of 

reaction k2 and k4 decreases for the fixed value of other parameter. 

Figure 4 represents the concentration of species N2O versus space time [W/Q] for different values of k6 and k7. 

From Fig. 4(a), it is inferred that the concentration of NH3 decreases when the Kinetic rate constant k6 decreases 

for the fixed value of other parameter.  

In Fig. 4(b), it is described that the concentration of species N2O slowly reaches the constant when the Kinetic 

rate constant of reaction k7 decreases for the fixed value of other parameter. 

 

V. CONCLUSION 
In this work, steady state nonlinear differential equations in global kinetic model have been solved analytically. 

Homotopy perturbation method was employed to solve the system of non-linear differential equations of SCR 

reaction network. Better approximate analytical expressions corresponding to concentration of NH3, NO, NO2 

and N2O in global kinetic model are derived. Closing matching of the analytical result with numerical solution 

gives assurance that our analytical result are useful to simulate the dynamic performance of system using the 

parameters and also useful to predict and understand the behavior of the system.  

 

REFERENCES 
[1]. U. De La Torre, B. Pereda-Ayo, M. Moliner, J.R. González-Velasco, A. Corma, “Cu-zeolite catalysts for NOx removal by selective 

catalytic reduction with NH3 and coupled to NO storage/reduction monolith in diesel engine exhaust after treatment systems”, 
Appl. Catal. B: Environ., 187 (2016) 419 - 427.  

[2].  U. De La Torre, M. Urrutxua, B. Pereda-Ayo, J.R. González-Velasco, “On the Cu species in Cu/beta catalysts related to DeNOx 

performance of coupled NSR-SCR technology using sequential monoliths and dual-layer monolithic catalysts”, Catal. Today, 273 
(2016) 72 - 82.  

[3]. A. Grossale, I. Nova, E. Tronconi, D. Chatterjee, M. Weibel, “The chemistry of the NO/NO2–NH3 “fast” SCR reaction over Fe-

ZSM5 investigated by transient reaction analysis”, J. Catal. 256 (2008) 312 - 322.  
[4]. S. Bradenberger, O. Krocher, A. Tissler, R. Althoff , “The State of the Art in Selective Catalytic Reduction of NOx by Ammonia 

Using Metal‐ Exchanged Zeolite Catalysts” Catal. Rev. -Sci. Eng. 50 (2008) 492 - 531. 

[5].  J.H. Kwak, R.G. Tonkyn, D.H. Kim, J. Szanyi, J.H. Lee, C.H.F. Peden, “Excellent activity and selectivity of Cu-SSZ-13 in the 
selective catalytic reduction of NOx with NH3”, J. Catal. 275 (2010) 187 -190. 

[6].  D.W. Fickel, E. D’Addio, J.A. Lauterbach, R.F. Lobo, “The ammonia selective catalytic reduction activity of copper-exchanged 

small-pore zeolites”, Appl. Catal. B Environ. 102 (2011) 441 - 448. 
[7]. J.-S.McEwen,T.Anggara,W.F.Schneider, V.F.Kispersky, J.T.Miller,W.N.Delgass, F.H. Ribeiro, “Integrated operando X-ray 

absorption and DFT characterization of Cu–SSZ-13 exchange sites during the selective catalytic reduction of NOx with NH3” Catal. 

Today 184 (2012) 129 - 144. 
[8]. F. Gao, E.D. Walter, E.M. Karp, J. Luo, R.G. Tonkyn, J.H. Kwak, J. Szanyi, C.H.F. Peden, “Structure–activity relationships in 

NH3-SCR over Cu-SSZ-13 as probed by reaction kinetics and EPR studies” J. Catal. 300 (2013) 20 - 29. 

[9]. P.S. Metkar, M.P. Harold, V. Balakotaiah, Chem. Eng. Sci. 87 (2013) 51. 
[10]. L. Olsson, H. Sjovall, R.J. Blint, “A kinetic model for ammonia selective catalytic reduction over Cu-ZSM-5”, Appl. Catal. B: 

Environ. 81 (2008) 203 - 217. 



Analysis through an analytical solution for the SCR reaction network using HPM 

www.ijceronline.com                                                  Open Access Journal                                                 Page 53 

[11]. I. Nova, C. Ciardelli, E. Tronconi, D. Chatterjee, M. Weibel, “Unifying redox kinetics for standard and fast NH3‐ SCR over a 

V2O5‐ WO3/TiO2 catalyst”, AIChE J. 55 (2009) 1514 - 1529. 

[12]. Unai De-La-Torre, Beñat Pereda-Ayo, Miguel A. Gutiérrez-Ortiz, José A. González-Marcos, Juan R. González-Velasco, “Steady-
state NH3-SCR global model and kinetic parameter estimation for NOx removal in diesel engine exhaust after treatment with 

Cu/chabazite” Catalysis Today, 296(2017) 95-104. 

[13]. A.A. Hemeda, “Homotopy Perturbation Method for Solving Systems of Nonlinear Coupled Equations”, Applied Mathematical 
Sciences, 6(2012), 4787-4800. 

[14]. J.H. He, “Homotopy Perturbation Technique”, Computer Methods in Applied Mechanics and Engineering, 178(1999), 257-262. 

[15]. J.H.He, Application of Homotopy Perturbation Method to Nonlinear Wave Equations, Chaos, Solitons and Fractals, 26(2005), 695-
700.  

[16]. J.H. He, Homotopy Perturbation Method with an Auxiliary Term, Abstract and Applied Analysis, 2012; 857612. 

[17]. J.H.He , Homotopy perturbation method with two expanding parameters, Indian Journal of Physics, 88(2014), 193-196. 
[18]. Yusry El-dib, Multiple scales homotopy perturbation method for nonlinear oscillators, Nonlinear Science Letters A, 8(2017), 352-

364. 

[19]. ZJ.Liu, MY.Adamu, E.Suleiman, J.H.He, Hybridization of homotopy perturbation method and Laplace transformation for the 
partial differential equations, Thermal Science, 21(2017), 1843-1846. 

[20]. L. Rajendran,  G.Rahamathunissa, The Application of He’s variational iteration method to nonlinear boundary value problems in 

enzyme-substrate reaction diffusion processes : Part 1.The steady-state amperometric response, Journal of Mathematical Chemistry, 
44 (2008) 849-861. 

[21].  A. Meena, A. Eswari, L. Rajendran, Mathematical modelling of enzyme kinetics reaction mechanisms and analytical solutions of 

non-linear reaction equations, Journal of Mathematical Chemistry, 48 (2010), 179-186. 
[22]. R. Senthamarai, L. Rajendran, Traveling wave solution of non-linear coupled reaction diffusion equation arising in Mathematical 

chemistry, Journal of Mathematical Chemistry, 46 (2009), 550-561.  

[23]. V.M.PonRani, L.Rajendran, Mathematical Modelling of Steady-State Concentration in Immobilized Glucose Isomerase of Packed-
Bed Reactors, Journal of Mathematical Chemistry, 50(2012), 1333-1346. 

[24]. MATLAB 6.1, The Math works Inc., Natick, MA, 2000; www.scilabenterprises.com. 

 

Appendix A: Analytical solutions for the concentrations in SCR reaction network 
In this Appendix, the steps leading to Eqns. (3) - (6) with an initial condition Eqn. (7) are derived. In order to 

solve Eqn. (3) by means of the Homotopy method, we first construct a Homotopy as follows:  
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where p [0, 1] is an embedding parameter, The solution of Eqn.(A1) is constructed as a power series in 
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C  is the zero-order approximation when p=0. Substituting Eqn.(A2) into Eqn.(A1) and comparing 

the coefficient of powers of p, we obtain 
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The initial approximations are as follows: 
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Upon solving the Eqn. (A3) and Eqn. (A4), and employing the initial conditions (Eqn. (A5)), the following 

equations for concentrations are deduced:  
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Using the basic assumptions underlying the Homotopy perturbation method, we obtain   

http://www.scilabenterprises.com/
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Substituting Eqn.(A6) and Eqn.(A7) in Eqn.(A8), Eqn.(8) of the text is obtained. Similarly, we obtain                       

Eqns.(8) – (10). 

 

Appendix B: Scilab/Matlap program for the numerical solution of nonlinear differential equation (3) – (6). 

function may2018 

options= odeset ('RelTol',1e-6,'Stats','on'); 

%initial conditions  

Xo = [1;0.001;0.001;0.001];   

tspan = [0,1];   

tic  

[t,X] = ode45(@TestFunction,tspan,Xo,options);  

toc  

figure  

hold on  

plot(t, X(:,1),'-')  

%plot(t, X(:,2),'-')  

%plot(t, X(:,3),'-')  

%plot(t, X(:,4),'-')  

legend('x1','x2','x3','x4')  

ylabel('x')  

xlabel('t')  

return  

function[dx_dt]= TestFunction(t,x) 

co2 = 1; co21 = 0.001; kn =1; kneq = 0.001; k1 = 15; k2 = 0.001; k3 = 0.001; k4 = 0.001; k5 = 0.001; k6 

=0.001;k7=0.001; 

dx_dt(1)=(k1*co2*x(1)+k3*co2*x(1)*x(2)+2*k4*x(1)*x(2)*x(3)+4*k5*x(1)*x(3)+3*k6*x(1)*x(3))/(1+kn*x(1

));  

dx_dt(2) = -k2*(x(2)*co21-x(3)/kneq)-(k3*co2*x(1)*x(2)+k4*x(1)*x(2)*x(3))/(1+kn*x(1));  

dx_dt(3)=k2*(x(2)*co21-x(3)/kneq)-(k4*x(1)*x(2)*x(3)+3*k5*x(1)*x(3)+4*k6*x(1)*x(3))/(1+kn*x(1));  

dx_dt(4) = -2*k7*x(3)*x(4)+(7/2)*(k6*x(1)*x(3))/(1+kn*x(1));  

dx_dt = dx_dt';   

return  

 

Appendix C 

Nomenclature 
Ci Concentration of i species calculated in the kinetic model  

 where i = NH3, NO, NO2 and N2O 

mol/m3 

k1, k5, k6 & k7 Kinetic rate constants of reaction 1,5,6&7  m6 g−1 h−1 mol−1 

k2 Kinetic rate constants of reaction 2  m4.5 m−3 h−1 mol−0.5 

k3, k4 Kinetic rate constants of reaction 3 and 4  m9 g−1 h−1 mol−2 

3NH
K  

Equilibrium constant of NH3            m3 mol−1 

.eq

NO

K  
Equilibrium constant of NO  m1.5 mol−0.5 

rj Rate of reaction j. where j = 1 to 7 mol g−1 h−1  

W/Q Space time (g cat.) h  m−3 

 

Supplementary method of the manuscript:  

Basic concepts of the Homotopy perturbation method 

To explain this method, let us consider the following function: 

   r      ,0)()(  rfuD
o

                                                                                                    (B1) 

with the boundary conditions of 

   r            ,0) ,( 




n

u
uB

o
                                                                                                   (B2) 

where
o

D  is a general differential operator, 
o

B  is a boundary operator, )(rf  is a known analytical function and 

   is the boundary of the domain  . In general, the operator 
o

D  can be divided into a linear part L  and a 

non-linear part N . Eqn. (B1) can therefore be written as 

 0)()()(  rfuNuL                                                                                                             (B3) 
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By the Homotopy technique, we construct a Homotopy  ]1,0[:),( prv  that satisfies 

  .0)]()([)]()()[1(),(
0

 rfvDpuLvLppvH
o

         (B4) 

  .0)]()([)()()(),(
00

 rfvNpupLuLvLpvH          (B5) 

where p [0, 1] is an embedding parameter, and 
0

u   is an initial approximation of Eqn. (B1) that satisfies the 

boundary conditions. From Eqn. (B4) and Eqn. (B5), we have 

  0)()()0,(
0
 uLvLvH                                                                                                     (B6) 

0)()()1,(  rfvDvH
o                         

(B7) 

When p=0, Eqn.(B4) and Eqn.(B5) become linear equations. When p =1, they become non-linear equations.                       

The process of changing p from zero to unity is that of 0)()(
0
 uLvL

  
to 0)()(  rfvD

o
. We first use the 

embedding parameter p  as a “small parameter” and assume that the solutions of Eqn. (B4) and Eqn. (B5) can 

be written as a power series in p : 

 ...
2

2

10
 vppvvv                                                                                                           (B8) 

Setting 1p   results in the approximate solution of Eqn. (B1): 

...lim
210

1



vvvvu

p
                                                                                                     (B9) 

 

Figures 

 
Figure.1 Plot of concentration of species NH3 versus Space time [W/Q] with various values of the parameters 

and some fixed values all other parameters. 

 

Solid lines represent numerical solutions whereas the dotted line represents analytical solutions. 

 

 
Figure.2 Plot of concentration of species NO versus Space time [W/Q] for various values of the parameters and 

some fixed values all other parameters. 
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Solid lines represent numerical solutions whereas the dotted line represents analytical solutions. 

 

 
Figure.3 Plot of concentration of species NO2 versus Space time [W/Q] for various values of the parameters and 

some fixed values all other parameters. 

 

Solid lines represent numerical solutions whereas the dotted line represents analytical solutions. 

 
Figure.4 Plot of concentration of species N2O versus Space time [W/Q] for various values of the parameters and 

some fixed values all other parameters. 

 

Solid lines represent numerical solutions whereas the dotted line represents analytical solutions. 
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