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ABSTRACT

A generalized double sampling estimator representing a class of estimators using information on an
auxiliary variable is proposed for the estimation of population mean. Its bias and mean square error
are found, and the properties of the generalized estimator are studied. Further, some classes of
estimators depending on optimum and estimated optimum values in the sense of minimum mean
square error are investigated. Comparison of the proposed generalized estimator with the usual
double sampling linear regression estimator is also made.

KEY-WORDS: Bias and mean square error, Efficiency, Optimum and estimated optimum
estimators.

I.  INTRODUCTION

For a first phase large simple random sample of size N' from a population of size N , let the auxiliary

character X be observed to find an estimate of population mean X of X, and further, let the characters
Y, X be observed on the second phase simple random sample of size N from the first phase sample of size n'.

Let (Y_,)?) be the population means of the characters (y,x), X' be the sample mean of n' first phase

sample values on X and (Y,)_() be the sample means of N second phase sample values on (y,x)

1 Q2 2
respectively. Let S;(ZZ—Z(X{ —X') based on the first phase sample observations
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(%], X5 ...
(Xl’XZ""an) on X and y:

—_ 1N
(yl,yz ,...,yn) on Y be the conventional estimator of the population mean Y = —ZYi of the study
i=1
variable Y.

For estimating Y , the proposed generalized double sampling estimator is

o v g ol of2

Yod :g(y,x,x"sx,s; ) (1.1)
=g(t) (12)

where t = (7,)_(,)_(',8)% ,S;Z )and g(t) satisfying the validity conditions of Taylor’s series expansion is a
bounded function of T such that at the point

T=(V,X.X,52,52),
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0 glt=T)=Y -
and, for first order partial derivatives (g :8_9:| » 01 28—9:| , g0 = a‘i} » O3 :@_g :
oy | oX |t oxX' It sy,

_ 8g . - o o 2

J4 = 63’2 of g(t) with respectto Y, X, X', Sy, Sy respectively at the point t =T and second
x It
; d cervaives g = 0. g, =20 g, = O
order  partia erivatives 0=">37 | o= — |, 2 ="
oy? . OyOX | Oyox' |
09 0°g A A
Joz = , = of g(t) with respect to Y, (Y,X), (V,X'), \Y,Sy ).
a-28 | o= 28] o) 5.0 (5.0). (72}
(y S;(z ) respectively at the point t =T
(i  go=1 (1.4)
(i) 0:=-02 (1.5)
v 9o =0 (L.7)
V) Qo =02 (1.8)
(vii)  Op3 =—0ps - (1.9)
1. BIAS AND MEAN SQUARE ERROR
Let
:urs_%Z(Yi V) (X, =X,  forrs=01234
i=1
eozy;_Y,elzx‘Xx, e =X =X o 5?52 ep—52_52

so that ignoring fpc (finite population correction) for simplicity,

E(eo)=E(e;)=E(e;)=E(e;)=E(e3)=0,
H20 2y_ Moo 2y _ _Ho
E(eo)—r|Y E(el)_n)? : E(e,”) %2’

E(e2 ,Uoz (Box —1)
n’

E(eg ): /uOZ (ﬂnZX _1)

M Hi1
E(eyg, )= E(e.e! )=
(€08 )= VX (€81 )= n'YX
' Hop Hos
E(ee )= E(ele, )=
(e€) %2 (e18;)= X
E(epe; )= H12 E(ee; )= 'u(;i
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E(epez )= 'u,li : E(ee; )= %
2
, Ho3 ' Ho, ('BZX _1)
E(ee, )=—= d E(e,e, ) =———,
(e€5) X an (e5€3) "

where ,BZX = 'u;.; is the coefficient of kurtosis of X .

Hop

Further, it is assumed that the sample is large enough to ignore terms involving
€ , &, ei y €5, 6'2 of degree greater than two, to justify the first degree approximation [see Murthy

(1967) for more details].
Expanding ygd = g(t) about the point T = (Y XL, X ,S)% ,Sf) in third order Taylor’s series,

we have

Ygd =g(T)+(y-Y)go +(x - X)g, + (x' = X)g, +( 2)93
1 _ _
+(S;<2_S>%)g4+_{ (V_Y 2900+()_(_X) O11

+(0 =Xy +(52 52 f 9z + (57 - 2 0
+2(y =Y Jx = X)gos + 2(7 ~Y X' = X)gg,
V—VXSZ =S )903 + 2 y-— Y)(S'z )904

X X)( )912 + 2 X = X)(S )913

+2(x = X)s}2 = S2 Jous +2(x' = X)sZ - S2 Juzg
'—)?)(5'2 S )924+2(>% fxsf_ x)934}

+
N
—~
x|

+
3l oy ox
-, 0
+(x' - X) Hf(sf—sf)g

+ (3;2 — Sf)as%
X

where. Jg » 91, 92 » 935 924 5 Yoo » Yo1 » Yoz + Yoz » Yos are already defined,
O11 » 92 » 933 » a1 » 912 » G135 G1a » Yo s U2 , J34 are the second order
partial  derivatives with  respect to  X,X, S)%,S;(Z, ()_(,)_('),()_(, )%),()_(,8;(2),()_(',83),
()_(',S;(2 ),(S)% ,S;(Z) respectively,

Vo =Y +60(y-Y) , % =X +0(X-X) |

% =X +0(x' - X) , sf*:Sf+0(sf—Sf)
s;§:Sf+9(s;(2—Sf) for 0 <@ <1.

3
} g(y* K XS 2 ,s’xi) 2.1)
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From regularity conditions (1.3) to (1.9), substituting g(T):V Jdo =1, g, =-0,,
93 =-04. oo =0, Jo1 =—9g2.and Jgz3 =—0qg in (2.1), we have
Yga —Y =(7—Y)+(>‘<—X)gl—(i’—X)gl+(sf _53)93

1 — _
(2 -S2oa + 51 (- XPo + (- XF oz

+(s§ —83)2933 +(s;(2 —85)2944 +2(7-Y )X - X)gq

—2(y =Y )x'= X)gg; +2(y - \7)(52 - 82)903

- 2(37 7)(3,2 )903 + 2 X ~ X)(X - )912

+ 2()_( )(Sx )913 + 2 - X )(3'2 )914
+2(x' )T)(s2 S2 )923 +2(x' - X)(s’2 )924
r2ls? -5t Jsi? - )934}+§{(V— )

H(}-X) (2= X) 2 sk - 57)
X
3
+(s;(2 f) 8’2} g(y*,i*,x:,s)%*,s;(f). (22)
oSy

Further, from (2.2), we have
= VAR Y2 va ' ' 1 2.2
Yga —Y =Yeq + X(e; —ef)a; + (e, —€5)g3 +§{X € Ou
T2.12 2 r 2 Vava '
+ XZe1 Uz +€,°Ug +€5°0uy +2YX (g8, —9091)901
+2Y (eOe2 — €083 )903 +2X zeleiglz +2Xe;1€,0;3
+2Xe185014+ 2Xe1€,0,3 +2Xe1€50 94 + 2(92@'2934}

BN X)) L

3

2 <2\ 0 2 o2) O (— o o1 o2 ,2)

+(X—SX)—2+(SX —SX) S O\ X Xe S S ). (23)
0Sy oSy

Taking expectation on both sides of (2.3), to the first degree of approximation

E(Vga)-Y B{x Eler? Jour + X 2E(ef )z

+ E(ezz)g33 + E(e’22)944 + 2YXE(eo€; — €081 )90
+2XE (e85 )913 + 2XE(e,€5 )04
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+2XE(eje, )gas + 2XE(e]€) )24 + 2E(eze’2 )34 }]

- 1
or Blas(ygd ):E{ﬂ% O11 + IUOZ (922 + 2912) ,Uoz (ﬂ2x _1)933

2
1 1\~
2 (B ~1)gay + 2(5 - ?jYx(ﬂ—Ejgm

1 1\t X ( s
(n n’j (Y jgos, n( X 913

X (s
+2— + +
0 ( X j(gm J23 924)

2
2 g -

- 1
or Blas(ygd)=§{ﬂ%911 Ho (gzz +2912)

(5, 1)y 2 (g, —1>g44}

1 1 Hoa
+(n nj(#ngm + t12 903 )+ o J13
1
+E{ﬂ03 (014 + o3 + Uog )+ 16 (B —1)934}- (2.4)

_ _ = \2
Squaring both sides of (2.3) and taking expectation, MS E(ygd )= E(ygd -Y ) to the first

degree of approximation, is
MSE()‘/gO| )= E[\?Z ol + X2(e; —e )0, +(e, —€) ) 05°
+2YX (e, — €1 o 91 +2Y (e, —€5 )eo 3
+2X (e, —¢{ Nep —€5)9105]
o MSE(ygq)=Y2Ele? )+ X2{Ele,? )+ Elef?)- 2E(ese)jo,?
+{Ele?)+ Eles2) - 26 (600 )jos”
+ 2YX{E (1) - E(eoe; )}0
+2Y {E(eoe, ) - E(€085)}0s
+2X{E(ee,) - E(ese5) - E(ere, ) + E(ere5)i0:95
e (l - ljﬂoz g, + (% - %)ﬂgz (Box —1)95°

n n n
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+ 2(1 - l.jﬂll g; + ZLE - l.\J/le Js
n n n n

+ 2(3 - i.jﬂos 0193
n n

1 1
or MSE(ygd) %+(H—H]{ﬂoz 0,° + pip (Box —1)95°

+ 244191 + 2441293 + 244039193 } : (2.5)

1. OPTIMUM AND ESTIMATED OPTIMUM VALUES

From (2.5), we see that values of {; and J3 for which MSE( Yd ) is minimized, are given by

- {(ﬂZX —1)(1—A1>} .
(IBZX _ﬂlx _1)
_ M,
Hoz
H 1-A, }
and O3 = (3.2)
’ /'152 {( ZX_ﬂlx_l)
=g
Hoo
where a):{(ﬂzx —1)(1—A1)}’ 52{ 1-A, } Alzﬂlzﬂgs and
(ﬂZX - ﬂlx _1) (ﬁZX - ﬂlx _1) Hi1Hop
A2 = M , and the minimum mean square error is
Hip Ko
_ _ 11 1-A, )
MSE(Ygd Jmin = MSE(Y)q )—(———,j Z L=4,) (3:3)
NN g (ﬂzx — Pix —1)
s 16
where ﬂZx = ;.24 ) ﬂlx = % ) y,d is the linear regression estimate of population mean in double
Haoz Hoz

1 1) gf
sampling and MSE(y|d ) Hao (— - —’j sty [see Sukhatme et. al. (1984) for more details] .
n n Hop

Practically, the optimum values {1+ and {3« in (3.1) and (3.2) may not be available always, hence
the alternative is to replace the parameters involved therein by their unbiased or consistent estimators and thus

1 e |
( 1)Z(y' y) (Xi _X) , replacing

get the estimated optimum values. Defining M =
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’ m;>-m ~ myym A m
_ 127703 _ "11'"'03 _"1o4
tars Apy Ap, Box and fiy by My, Ap= > A= » Pox =5
Mq1 Mgz M2 Moy 02
2
5 _ Mos : _ . q
and ﬂlx =5, weget the estimated optimum values {1 and (3 to be
Mo2
m
4 11 A
91 = (3.4)
moz
A m
and J3 = 11 c_f (3.5)
Mg
(B —1-4,)| 1-A
where @ = 'BZX 1 = 2

( 2x_131x _1) ( ZX_ﬁlx_l)
The generalized double sampling estimator ygd attains the minimum mean square error in (3.3) if the
conditions from (1.3) to (1.9), (3.1) and (3.2) are satisfied for the estimator ng .

This means that the function ygd = g(y,i,i’,sf,s;f) as an estimator of Y should not

involve only (y,)_(,)_(',s)%,s;z)but also Qpx and Qg« for the conditions (3.1) and (3.2) to be satisfied.

Thus, we get the resulting estimator as a function g(y,>‘<,>‘<’,s§ ,S;(z yOqx ,g3*) satisfying the conditions
(2.3) to (1.9) along with the conditions (3.1) and (3.2) to attain the minimum mean square error in (3.3).

Replacing unknowns Qg and Qg in 7,)_(,)_(',8)% ,S;(Z o [P o ) we get the estimator as a function
j— j— j— j— A A j— * [R— j— A )
Vge = g(y,x,x’,sf 5.2 ,gl,g3) or equivalently the function Yo = g (y,x,x',sf 5.2 ,a),f)

as an estimator depending upon estimated optimum values. Now expanding (y,>‘<,>‘<’,sf ,S;(Z ,(f),f)

% o
about the point T = (Y ,X ,X ’,Sf ,S;(z ,a),f) in Taylor’s series, we have

g (y X,X',s2 5.2 a)g): g*(T*)+(y—\7)% +(X = X)a;

.
+(x' = X)gy + (52 - 52 a3
+(s2 =52 )g; + (0 - w)gs
+(A—§)gg+... (3.6)
. o9 ~ o .
where g T )=Y, g =— =1, g, =—; y Oy =—— ’
( ) 1 OX - 2 ox - 3 as)% -
«_ 09 «_ 09 «_ 09
94_65;(2 T*’ 05 Py - and Qg = 85 -
or g7 (y.x.x82.82.6.)-Y =(y-¥)+(x - X1 + (x - X)g5 +(s2 - 5o
+(s2 - S2)g% + (- )z (5 E)gs + . @)
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Squaring both the sides of (3.7) and taking expectation, we see that the mean square error

2
E[g (Y,)_(,)_(',S)%,Sf,é),f)—Y] to the first degree of approximation, becomes equal to

MSE(ygd )min given by (3.3) if {5 =g =0, and thus the estimator taken as a function

* A
yge =g ()7,)_(,)_(',53 ,S;(Z ,a),f) depending upon estimated optimum values attains the minimum mean
square error given by (3.3) if

ox EaR
g =8| _ % i
Poost ). ostl. TUa(yf e
* 829* azg* *

= = = — f 3.8

6-28| L8] 39)
. azg*} 09 } .
037 A=AL2 - — 12 - 041

oyos |- 0yos, |-
9| _, 99| _
X :|T* - an l* B é:’

9.=0 and g,=0.

Satisfying the conditions in (3.8), some particular estimators depending on estimated optimum values

o, f and attaining the minimum mean square error in (3.3), are given in Concluding Remarks.

V. CONCLUDING REMARKS

€)] From Sukhatme et. al. (1984, page 245) and (3.3), we have

. 1 1) 4

MSE(5, )= 22 _(___’jﬂ (@)
n n nJjug

and MSE (yge): MSE (ygd )min

1 1) (L-ay

P ) R

N ' g (Box = Bix —1)

which shows that the estimator yge depending upon estimated optimum values is more

(4.2)

= MSE(yjq )—(

efficient than the usual double sampling regression estimator ym in the sense of having
smaller mean square error.
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[11.
[2].
13].
[4].

[5].

(b)

(©)

%\
The estimators ydl = 7(;)

ko
55
> and
Sx

- S;(Z ) belonging to the class ygd of estimators

Vi T N <!

Yd, =y +k (X —X')+

and having the values of (91c )
Y

Y
ki — Ko —

X Ss

respectively, will attain the minimum mean square error given in (4.3.3) or (4.2) for the
X
optimum values of (kl ) k2 ) equal to — ,—— | obtained by equating each of
MY MY

. w & .

(4.3) to the optimum values | —— ,——— | , that is, the mean square error of the

Mo Hop

X 9 9&7
zjﬂoz\( Sx_ |Ho2"

and (K; K, ) (4.3)

and

o, W o o 2 ’2 : I
yd2 =Y+ —(X —X )+ —(SX — Sy ) to the first degree of approximation

will be equal to that of (4.2). But or > may be rarely known, hence replacing

Ho2 Ho2
w

or —
Ho Moo

upon estimated optimum values to be

by consistent estimates from sample values, we get the estimators depending

@ X
N1 2\ 2_ ’ P
oo XSy Sk XY o o @ on, S (2 o2
yelzy(:jx o2 and yez:y+_2(x_x) 2 8x =S¢ /.
X S S S
X X X
which may belong to the class yge and satisfy the conditions in (3.8), and also attain the

minimum mean square error given by (3.3) or (4.2) to the first degree of approximation. The
general result regarding Yge which attains the minimum mean square error (to the first

degree of approximation) given in (3.3) or (4.2).
Single sampling results may be easily found as the special cases of this study for nN"=N.
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