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( ABSTRACT )
In this paper, restricting the coefficients of a polynomial to certain conditions, we locate a region
containing all of its zeros. Our results generalize many known results in addition to some interesting
results which can be obtained by choosing certain values of the parameters.
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I. INTRODUCTION
On the location of zeros of a polynomial with real coefficients Enestrom and Kakeya proved the following
theorem named after them as the Enestrom - Kakeya Theorem [9,10] :

Theorem A: all the zeros of a polynomial P (z) = >’ a].zj satisfying a, > a__, > ... >a, >a, >0 lie
j=0

in |z| <1.

The above theorem has been generalized in different ways by various authors [2-11].

Recently Gulzar et al [7] proved the following result

Theorem B: Let P(z) =) anj be a polynomial of degree n with
j=0
Re(a;,)=a,,Ima;)=p,j=012,.., n suchthat forsome 2, 4,0<1<n-10< u<n-1,

a, z2a, 2.2,

B2 22 f,,

and
L:|0‘/1_0‘/171+|a/171_a172+ ...... + |a, a0|+|a0|,
M =18, = B|+|Bus= Bos|t o+ |By = Bo|+ |8,
Then all the zeros of P(2) lie in

|Z|SL[an+ﬂn+L+M -—a,-p,1.
a

n

I1. MAIN RESULTS
In this paper we prove the following generalization of Theorem B:

Theorem 1: Let P(z) = ) a,z : be a polynomial of degree n with

j=0

Re(a;)=a,;,Ima;)=p4,,j=0212.., n suchthatforsome 2,4,0<2<n-10<u<n-1

and for some k,,k, > 1,

and

L = |a/1 %0
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M = ‘ﬁy ~ B+ ‘ﬂ”_l B |t 4 |B = B+ |8
Then all the zeros of P(z) lie in
(k, -Da, +i(k, -1)3, 1 "
7+ < —fa,+ B, (k-1 (‘aj‘+ @)= (k,-1Y (‘ﬂj‘+ )
an ‘ an j=21+1
— (k=D |-k, ~D|B [+ LM —a, - 5,1
a| R
Further the number of zeros of P(z) in — < |z| < —,c >1,R >1 does not exceed
X c
1 X + |a0| 1 X . |a0| R
log = log( 1 + +—) and the number of zeros of P(z) in — < |z| <—,c>1,R<1
log ¢ |a0| log ¢ |a0| Y c
1 Yo+ |ao| 1 Y . "
does not exceed log = log( 1+ —), where R is any positive number and
log ¢ a, log ¢ a,

X = |a,R™ 4R e, + B~ (a, + B+ L+ M =a]-|8,]+ (k, - 1) Z(‘a1‘+aj)
j=4+1
sk, -0 Y (| a0,
j=pu+l
Y =|a,R"™ +Ra, + )~ (a, + B,)+ L+ M ~|a,|- ||+ (k, -1 T (‘aj‘+aj)
j=24+1
sk, -0 Y (| a0
j=p+l
k, =k, =1
Remark 1: For , Theorem 1 reduces to Theorem B.

Taking k, =1 in Theorem 1, we get the following result:

Corollary 1: Let P(z) =) ajzj be a polynomial of degree n with

j=0

Re(a;)=a,;,Ima;)=p4,,j=0212.., n suchthatforsome 2,4,0<2<n-10<u<n-1

and for some k, > 1,

k, a, 2k Ta, 2 >k, a,,>2ka,,
B> B > f, 2B,
L:|‘7‘4_0‘4_1|+|’14_1_0‘4_2|+ ...... +|a1—a0|+|a0|,
M = ‘ﬁ# - B, +‘ﬂ#71 By |t e+ By = B+ 8]
Then all the zeros of P(z) lie in
2+ (k, - Da, sai[an+ﬂn+(kl—1)Zn(‘aj‘+aj)—(kl—1)|an|
" P

+L+M-a,-p,1
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.|
<|

R
Also the number of zeros of P(z) in < z| < —,c > 1,R >1 does not exceed
c

1 X + |a0| 1 X , |ao| R
log = log( 1 + +—) and the number of zeros of P(z) in — < |z| <—,c>1,R<1
Y

a, log ¢ a, c

log ¢

Y+|ao|

1 Y
does not exceed log = log( 1+ —), where R is any positive number and
log ¢ |a0| log ¢ |a0|

X =la,R"™+R"(a, + )~ (a, + B,)+ L+ M —|a,|- ||+, -1 z (‘aj‘+aj)],

j=A+1

R™ + Rl(a, + B,)~(a, + B,)+L+M —|a,|-|g,|+ (k-1 Z (o |+ o 1

j=A+1

Y =

a

n

Taking 4 = x4 = 0 in Theorem 1, we get the following result:

Corollary 2: Let P(z) =) ajzj be a polynomial of degree n with
j=0

Re(a;)=a,;,Ima;)=4,,j=012,.., n suchthatforsome 2,4,0<2<n-10<u<n-1

and for some k, ,k, > 1,

=~
N
vV
=~
N
vV
[\
=~
N
vV
N

\
=

kzﬂﬂn , BoiZ .2k, B2 B,
Then all the zeros of P(z) lie in
(k, - e, +i(k, -1,
Z+

g |

n

Sai[a" + B, +(k, -1) ." (‘aj‘+aj)+(k2 —1)Zn: (‘,b’j‘+ B)

n

~ (k, ~Dla,

—(k, =B, + o+ o]~ @y — B1.
Also the number of zeros of P(z) in |1—°| < |z| < E,C >1,R > 1 does not exceed
c

1 X +la,| 1 X = a, | R
log = log( 1 + —) and the number of zeros of P(z) in — < |z| <—,c>1,R<1
log ¢ |a0| log ¢ |a0| Y c

1 Yo+ |a0| 1 Y . .
does not exceed log = log( 1+ —), where R is any positive number and

log ¢ a, log ¢ a,

n+1

X =la [R™ +R"(a, +B.)-(a,+f,)+L+M —|a0|—|,b’0|+(k1—1)zn: (o [+ a1,

n

+ (k, —1)2n (‘/3]‘+ B, R=1

Y =la,[R™ + RUa, + B,)~ (@, + f)+L+M —|a0|—|ﬂo|+(k1—l)zn: (‘aj‘+aj)]

i (K, —1)Zn; g,|+ 201 R<1

Similarly for other values of the parameters in Theorem 1, we get many other interesting results.
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I11. LEMMAS
For the proof of Theorem 2, we make use of the following lemmas:

Lemma 1: Let f(z) (not identically zero) be analytic for |z| <R,f(0)=0and f(a,)=0,
k =1,2,....., n.Then

1 2 y " R
- Iog‘f(Re do —log £ (0)|= 3 log —.
ool "}

Lemma 1 is the famous Jensen’s Theorem (see page 208 of [1]).
Lemma 2: Let f(z) be analytic, f (0) = 0 and |f (z)| <M for |z| < R . Then the number of zeros of f(z) in

R ) 1 M
|z| < —,c > lislessthan or equal to ——log ———

c log ¢ |f (O)| '
Lemma 2 is a simple deduction from Lemma 1.

IV. PROOF OF THEOREM 1
Consider the polynomial
F(z)=@0-2)P(2)

n-1

n
1-z)a,z +a, ,z + e +a,z+a,)

n+l

-a,z  +(a

n
—a, )z +... + (a,

n

+ +(a,—a,)z+a,

a2t (k- Da, 2"+ (ka, —a, )2 (ke —a, )2

A+1

+(ka,,~a,)z +(al—a_)zl+ ...... +(a,—a,)t+«a

n-1
- (k;, -1, ,z +a, ,2 + o +a, .2

n-1

+ |{(k2ﬂn - ﬂnfl)zn - (kz _1)ﬁnzn + (kzﬁnfl _'anz)z Fo
H KB = B =k — (B2 e B2 (B, - 8,02
R + (B, - B+ B}

1
For |z| > 150 that < 1,vVj=12,...., n , we have, by using the hypothesis
z

n n-1

F @)z [,z + (k, -Da, +itk, -1,

+|ka —an72||z

n
Z| —[|k1an—an71||z 1% n-1

A+1 A
B P2 [ "IN [ TN TR
n-1 A+l n n-1
OO 042 1 OSSN S W O Oy Y 1 S O S o |
n+l H
I 1 ey N e e A R
n-1 u+1l
T OO DY{V 20 1 L Jr‘,eml 2“1
n . |k1an71 _an—2| |k1an72 _an—3|
=|e['tla,z + (k, ~Da, +itk, 1B, |- [k, —a, |+ " + -
: ]
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...... |k1aﬂ;1“a‘| -, noi“| S |a1+‘f°+ |a°| T (K, —1)(m+
i i I i
u) k.8, - B 1|+—|k2ﬁ“_ﬂ“|+ ...... + kz'gf ilﬂ“ L f“’l
2| 2| o 2"
...... + M+ m+ (k, —1)(m+ o P )]
T
> |,z + (k, ~Da, ik, ~0B, |~ lka, ~a, |+ ke, o, |t e, e,
T VI o S S O P S Y R T { 2
tla, Do, = Bt keB = B KB BB - B
e 4|8 = o+ |Bo]+ (K —0)(|B, L ]+  + [B,N
= le|'tla, 2 + (k, - Ve, ik, ~D) B, |tk ~a, ke, ke, , —a,
bt kg, —a, e, o, | oy ag | e[+ kD, ]
o) v kB~ B KB By b KB~ B B B
b 4 B = B8]+ (K, —1)(|ﬂn71 o+ (B, D
=|e|'tla,z + (k, ~Da, +itk, -1, |- {ka, ~a,, tka,  —a, ke, , -a,,
o Ak, A L (k= Da | e, kB, - B
S KBy Byt H KB = B M (K =B, | e (8,0

=|e['tla,z + (k, - D, +itk, ~1)B, |- {a, + B, + (k, -1) Z (‘aj‘m;j)

j=A+1

+(k, = 1) Z (8,]+ 8-k, =D, |-k, ~D]B [+ L+ M —a, ~ 5,3

j=pu+l

>0

la,z+ (k, ~Da, +i(k, -1 |>{a, + 8, +(|<1—1)Zn (‘a1‘+a1)+(k2 —1)2n (‘ﬂj‘+ B,)
~(k, ~Dla, |-k, ~D|B, [+ L+ M —a, - p,}]
i.e.if

(kl—l)ozn +i(k2 —l)ﬂn| 1 " "
+ > ——la, +p, +(k, -1) Z (‘aj‘+aj)+(k2 -1) z (‘ﬂj‘+ ﬁj)

z
2, el

j=a+1 j=u+l

~ (k, ~Dla, |-k, ~D|B,[+ L+ M —a, - 5,1
This shows that those zeros of F(z) whose modulus is greater than 1 lie in

z

P D _l)ﬂn§§|al_|[“n S RRCRED Y BTSRRI N NI

j=A+1 j=u+1

a
n

—(k, ~Dlar |-k, DB [+ L+ M —a, - 5,1
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Since the zeros of F(z) whose modulus is less than or equal to 1 already satisfy the above inequality and since
the zeros of P(z) are also the zeros of F(z) , it follows that all the zeros of P(z) lie in

(k, -Da, +i(k, -1,
Z+

‘Sai[an + B, + (k- 1) Zn(‘“j‘wj)ﬂkz -1 i(‘ﬂi‘Jrﬁi)

a, n j=a+1 j= 4l
—(k, ~Dla |-k, DB [+ L+ M —a, - 5,1
Again
F(z)=a, +G(z),
where
n+1 n n n-1
G(z)=-a,z -(k,-Vea,z +(ka, ~a, )z +(Ka,  ~a, 6 ,)2 + o
A+1 A
+(ka,, —a,)z +(a, —a, )" + .. +(a, —a,)z
n-1 n-2 A+1
- (k, -Ne, 2 +a, ,z + e +a,,1")

+i{(k, B, - B, N2 —(k, -V 2"+ (k,B, - B, )"+ .
+ (kB = B2 =k, 1) B, 2 + BB, - B, )"
+ o + (B, - B,)z}
For |z|= R,R > 0 , we have
G (2)]<a,|R"" + (k, ~D]ar,[R" + (Ko, —a, IR" + (Ko, —a, IR+ ...
—al)RMl+|al—alil|Rﬂ+ ...... +|a1—ao|R

+ (kla/1+1

R /1+1)

+ (k, _1)(|0‘n71|R "4 |an72|R AR + |0‘/1+1

+(k, B, - B, IR" + (K, —1)|,BH|R " (k,B, - B, )R+ ..

S (KB = BORT (-, R k|, R 4 B, -, LR
+ o + ﬂl—ﬁ'0|R}
< |an|Rn+l + Rn[(k1 —1)|(xn|+ ka —-a  +ka  —a ,+... +keo, —a,+L
R OO 2N S P | S I

SR By = oy b KB = B+ M (K =18+ +‘/3M

R™ 4 R"(a, + )~ (a, +B,)+L+M —|ay|-|p,|+ (k-1 Z (‘al.‘+aj)

j=4A+1

a

n

sk, -0 Y (|8, ]+ 8
j=u+1
=X
for R > 1 and
for R <1

G (2)|<fa,[R™ +RUa, + p)~(a, + B+ L+ M |a,|- ||+ (k, - 1) Z (‘al.‘+aj)

j=4+1

+(k2—1)2"(\ﬂj\+ﬂj)]

j=Eu+1
=Y
Since G(0)=0 and G(z) is analytic for |z| < R, it follows, by Schwarz Lemma , that for |z| <R,
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|G(z)|s x|z| for R > 1 and |G(z)|£Y|z| forR <1.
Hence, for|z|s R,R>1

IF (2)| = [a, + G (2)]

> Ja|-[e @)
2 Jag| - X o]
>0
if
2.
o< =

.|

Similarly, for|z|< R, R <1,|F(2)|> 0 if [z]<

.| ]

a
In other words, F(z) does not vanish in |z| < — for R > 1 and F(z) does not vanish in |z| < forr<1
X Y

2|

in |z| < R . That means all the zeros of F(z) and hence all the zeros of P(z) lie in |z| > —— for R >1 and in
X

.|

|z|zY— for R <1 in |Z|SR.

Since for |z|s R, |F(z)|s X + |ao| for R >1 and |F(z)|s Y + |a0| for R < 1and since

a R
F (0) = a, = 0, it follows by Lemma 2 that the number of zeros of P(z) in u < |z| <—,¢c>1,R >1 does
X c

1 X + |a0| 1 X )
not exceed log = log(1+ —)and the number of zeros of P(z) in
log ¢ |a0| log ¢ |a0|
|a0| R 1 Y + |a0| Y
< |z| < —,c > 1,R <1 does not exceed log = log( 1+ -—).
Y c log ¢ |ao| log ¢ |a0|

That proves Theorem 1 completely.
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