- ISSN (e): 2250 — 3005 || Volume, 07 || Issue, 11]] November — 2017 ||
mmm— International Journal of Computational Engineering Research (IJCER)

Generating Functions of Certain Hypergeometric functions By
Means of Fractional Calculus

Manoj Singh*,Sarita Pundhir?, Mukesh PalSingh®

'Department of Mathematics, Faculty of Science,Jazan University, Jazan, Saudi Arabia.

2 Department of Mathematics, IIMT Engineering College, Greater Noida, India.
*Department of Mathematics, Indraprastha Institute of Technology, Gajraula, J.P. Nagar, India.
Corresponding Author:Manoj Singh
E mail: manojsingh221181@gmail.com, msingh@jazanu.edu.sa

ABSTRACT
In the present investigation, we apply the fractional derivative techniques on some well-known
identities to obtain linear generating functions for several classesof hypergeometric functions. Some
special cases of results were also discussed in the end.
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l. INTRODUCTION
Fractional calculus is concerned with the theory of derivatives and integrals of non-integer order. There are
many applications of fractional derivatives in the theory of hypergeometric functions, in solving ordinary and
partial differential equations and integral equations (see [4], [5], [7], [12]). Nowadays this subject have wide
application in several scientific areas like control theory, physics and engineering, stochastic process, modeling,
probability theory etc.

In 1731, Euler extended the derivative formula ([12] pp.285), to the general form as
pean . TA+D) -
DZ{Z}_F(A—n+1)Z (1.1D)
wherep is an ordinary complex number.
We recall here the application of Euler derivative formula to some special functions. For this we use
the theorem.
Theorem 1: If a function f(z) is analytic in the disc |z| < p, has the power series expansion,

@) =) @7 Izl <p (1.2)
n=0
then,
N r() S (@n (s
Di{Zf(2)} = Z a), Dt {z1} = z+ -l z" 1.3
provided that Re(1) > 0,Re(u) < 0,and |z] < p.
Some of the definition and notations used in the given manuscript are stated below:
Appellfunction of two variables defined by [1] are given as
' . _ (a)m+n(b)m (b')nxmyn
Fila,b,b; ¢; x,y] = " O ominl , (1.4)
' ' m+n b m b' n my"
Fla,b,b’; c,c; x,y] = (@ B (b )nx™y , (1.5)

©)m (€)ym!n!
mn=0
Generalization of Appell function of two variables by Khan M.A. and Abukhammash G.S. [2] are defined as
(@420 (D) () () () x™ Y™

@ (@) (@m(€)y  min! (1.6)

Ms(a,b,b',c,c;d,d e e;x,y) =
n=0
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(@m+n (D)n (D) () (€D X" "

Mu(a,b,b,c,c;d, e e;x,y) = Z

2i T Dnen@n(@),  minl 7
N @ @@ (€D ™Y
M,(a,b,c,c;d,e,e;x,y) = m;() D@ @), p—— (1.8)
' m+n b m+n m ' n my"
Mo ds desmy) = 3 SRRt T 19
mn=0 m+n m+n « Ml

Lauricella [3], generalized the Appell double hypergeometric functions Fy, ..., F, to functions of n variables, but
we use only two F™and " are defined by

N a b ...(b xm1 xmn
P:q(n)[a' by, bni €y Coi Xa e vxn] = Z ( )m1+---+mn( 1)m1 ( n)mn a - (1.10)
my,..m =0 (Cl)ml """ (cn)mn ml! mnl
. 7Y x| < 1;
a 270 I b. xmn
FD(n)[a' bli ----- ;bn;C; Xipeonns ,xn] = Z ( )m1+ ----- +mn( l)m1 ( )mn ' N | (111)
MMy =0 (C)m1+ ..... +my my n
maxf{|x{|,.......... e} < 1

In 1963, Pandey [6] established two interesting Horn's type hypergeometric functions of three variables, while
transforming Pochhammer's double-loop contour integrals associated with the Lauricalla's functions F; and Fp
are given below:

2P (1.12)

GA[a,ﬁ,ﬁ’; 'y’ x’y’Z] — Z (a)n+P m(ﬁ)mﬂ;(ﬁ )n m n

Mn+p-mminip!

(a)n+p m(ﬁl)m(ﬁZ)n(ﬁB)p x™ n 7P

Mn+p-mminip!

m,n,p=0

GB[a'ﬁlﬂﬁZ' 33;}/; x'y'Z] =

m,n,p=0

(1.13)

In this manuscript we use the following fractional derivative formulas [9] to obtain the several class of
generating functions.

' w; W
X1 Hx T, [ﬂ, wusa, oc’;x—l,x—2 (1.14)
1 2

—a = | g _ﬂ_&—ﬁ F(l—a)F(l—a’)
Dxy "D, {’“ =1 ) } P — I —w)

where, | 2| < 1.
X2

_ _ _ _ w w, \7P
D:;l angz aZDiH agD}!{M h {x1_alxz_a2x3_a3x4_“4 <1 B x1;2 B X3JZC4> }
F(l —u)I(1 — )l (1 — pz)I'(1 — M4)

_#1x2_/42x3_1u3x4_1u4

M [ W @2 ] 1.15
x ) ) ) ) ) ) ) ) -
3| By M, o, Us, Has Oy, A, O3, Qg —— X1 %, x3x4 ( )
where, 22 <.
X1X2  X3X4
_ _ _ _ _ _ w1 wy \ 7P
Dry " Dxg D {xl g a <1_x1xz _x1x3> }
F(l —a)I'(A —a)T(1 — a3) W W
X, Mlx, Fex;THIM [ U, Uz Oy, Oy, O3; , (1.16)
ST = )T — )T —pay) 12X M (Bt b sy @, 0 @555 5
where, |—+ —| <1
X1X2 X1X3 (1 + )

- _ wy \ 7Y r a
Dy #{xa(l—x) 5(1—w1x—1_x) } T+ ) FHAB, v, 14+ a; 8,1+ u; wy, wyx, x] (1.17)
where, Re(a) = 0, |x| < 1, |a)1x + 1(%| <1

wx \7Y

a—p a _ -B _
D¢ {x a-07*(1 1_x) }

LAY D w_yeip [1tayi+u—p1+u— ] (1.18)

F(l_l_ ) X 1 a,y, u ) u’l—x’l—x .
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D,‘Z‘_“ {x“(l —07 (1- e )_y (1- L2t )_6}

1—x 1—x
WX Wyx X
1-x"1-x"x—-1

F(l + a)
YCET))
where, Re(a) = 0, x| < 1, |

x (1= x) [1 tay§1+u—pl+y (1.19)

w1Xx w2xX

<1|

— (IJZ =
CH )1 — )P (1 = -y —

D, {x 1=2)"1—-wx) (1 1—x) }
_I'l+a)

T T+
where, Re(a) = 0, x| < 1, |w; x| < 1,|222| < 1.

<1

xFEy[8,1+a,1+a,B,7.8:8, 1+ 11+ p; w,y, w1 %, x] (1.20)

_ Wyx \ 79
AR )yl — ) B (1 — ¥ (1 -
D {x 1-2)"7"1—-wx) (1 T x) }
_ F(l + a) xﬂF(3) 1+a:— B - 6; -
'+ pw 1+ p:: ————————B——

where, Re(a) = 0, |x| < 1, |w x| < 1, ‘“2" <1.

w —B w -y
U1—a1 pH2—a2 HH3—a3 —q1 A —A2 A —A3 N ) ( 2 )

D, "Dy, Dy {xl Xy %2x3 <1 o 1 s

T =a)I(A = a)I'(1 - a3)

~ T = )T~ )~ k)
where, |
Da #sz_ﬂ {xl 2 (1 - wlxlxz)_ﬁ a- wlexz)_y}
_ F(l +ao)I'(1 + a’)

T TA+wWrdd+u)
where, Re(a) = 0,Re(a’) = 0, |w1x1x5| < 1, |wyx1%,| < 1.

D;;—u{ x4(1 — wyx) ﬁ(l_wzx a:) }:F(1+a)

ra+uw
where, Re(a) = 0, |a)1x| <1, |w2x + %| <1

o (-5 (-5 =R e 029

W1X, WX, x] (1.21)

@ @2 ] (1.22)

X Hxy H2x3THIM [Hl:ﬁ Y, Ua, U35 A1, O, O35 =
X1X X1X3

xP Mgl +a, 14+ a,B,7; 1+ w1+ (s w1x1 %5, wax1x;] (1.23)

W
xH*Gy [1 +a,v,0; 1+ 1w x, wzx,f] (1.24)

where, |—|<1| |<1

Wan =
a—p )] — (1 — (122

D, {x (1= wx)P (1 —wyx) (1 < ) }
_I'l+a)
T T(1+p
where, Re(a) = 0, |wx| < 1, |wyx| < 1, |%| <1

Dy M {x*(1 — w0) P (1 — wyx) " (1 — w3x) 7%}
_I'l+a)
T T(1+p
where, Re(a) = 0, |wx| < 1, |wyx| < 1, |wsx| < 1.

)
x*Gp [1 +a,6By1+ ,u;f,wlx, a)zx] (1.26)

x”FD(S)[l +a,8,7,6; 1+ 1; w1 X, wyX, w3x] (1.27)

1. LINEAR GENERATING FUNCTIONS
Consider the elementary identity (see, [12], Sec. 5.2, Eq. 1),

[(1-0-tF=a-n*1-"1 2.1)

1-t
can be written as

- (D, CGamn _ x
;T(l—x) At)en = (1 - 1) 1[1—1—_t] el < |1 —x], (2.2)
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Replace x by ‘:—11 + ‘)‘:—22 multiply both side of (2.2) by x; ~%x, % and then apply the fractional derivative operator

DLTDY ™ to obtain

“ (1 o , W1 o\ —AF)
Z (n)'n D;Icll aDchlz a {xl—axz—a (1 et 3 __2) }tn
n=0 '

X1 X2
. , w w —2
= (1—t)AD! ODI =% Ly, ~ax, @ (1 - ) 2.3

( ) xl xz {xl x2 xl(l _ t) xz(l — t) ( )

with the aid of the relation (1.14), equation (2.3) yield's the generating relation,

- A w; W
z ( )'nFZ [/1+n,,u,u’;a,a’;x—1,—2 t"
n=0 ’

n 1 X2
=(1—-0)*F [/1 i — ©2 ] (2.4)
N (s ) '
Similarly, the generalization of the generating function (2.4) can be obtained in the following form:
w w

Z ( )'n E™ [/1+n,u1, ...... Ny 2P an,x—l, ..... ,xn]t”
= 1—t_’1F(n)[/1, Yreenns Sy O, Oy ! P s - ] 2.5

( ) A nul #n al an xl(l _ t) xn(l _ t) ( )

Replace x by = + 22 multiply both side of (2.2) by x; ~%1x, *2x;~%3x,%* and then apply the fractional
X1X2 X3X4

derivative operator D! ~“* D¥2"“2 D33 D{47“*, to obtain

N (A)n H1—01 R U2—Q2 ZH3—A3 nH4a—Q — — — - w1 Wy ~@4n)
n=0 h
= (1 — )DL 1 pLaT 2 prsTas pRaTaL Sy~ x) a2, "3 x, a4 (1 . )_ (2.6)
X1 X2 x3 X4 1 2 3 4 x1x2(1 _ t) X3x4(1 _ t) .
with the aid of the relation (1.15), equation (2.6) yield's the generating relation,
- (A [ W o
M /‘{+n; ] ) ) ya, 0, :a;_;_]tn
Z nr s K1y U2, U3, Hg; g, A2, A3, Ay X1%y XaXs

n=0

.y W1
= (1 =) M3z | A, i1, Ha, M3, Ha; Xy, A, A3, Ay

w2 ] 2.7

xle(l - t),X3X4(1 - t) ( ' )

Replace x by =+ =2 multiply both side of (2.2) by x;~%1x, *2x,7%3 and then apply the fractional
X1X2 X1X3

derivative operator D}!~“* D{2"*2DY37%3, to obtain

o0
—(A4n)
@Dn Dy DEZT DT {xl'“lxz'“2x3 —a3 (1 e BB ) } tn

n! X1Xy  X1X3
n=0 ,
_ _ - wq W7 -

=(1—t —ADﬂl “1D#2 aZDll3 as X ALy, T¥2 5,703 (1 _ _ ) 2.8

( ) X1 X2 X3 1 2 3 x1x2(1 _ t) x1x3(1 _ t) ( )
with the aid of the relation (1.16), equation (2.8) yield's the generating relation,
- (A [ W
E My (A 41, 1y, o, U35 1, @z, a3 ——, ——| t"

. 7 H1, U2, U35 O, A2, O3 X1%, X1 %3
n=

W1 o)
X1, (1 —t) xyx5(1 — t)]
Replace x by w1x+1‘%, multiply both side of (2.2) by x*(1 —x)™* and then on applying the fractional
derivative operator Dy *, to obtain

= Dn g —(A+n)
z %Df ”{x“(l—x)—ﬁ (1—w1x— @2 ) }t”
n=0

1—x

= (1 - t)_AM7 I:A' Uy, Uo, U3; A1, O, A3; (29)

B | & B WX Wy -1
=(1-t)D; “{x (1-x) ﬁ<1—(1_t)—(1_x)(1_t)) } (2.10)

with the aid of the relation (1.17), equation (2.10) yield's the generating relation,

S (A
Z (n)'" Hy B A+n1+ @B, 1+ uw wy, wx, x]t"
n=0 '
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[O)) w1 X
= 1—t"1H[.A,1 B 1+ ) )
W=7 Hy B2 1+ @14 b e

where hypergeometric function H, is defined by Srivastava [10] as

O @ty Bmsn By
Hyle, B, By, V5%, y,2] = Z - x™y" zP 2.12
e BBy Yy D Pngpminipl 7 (212)

x| <7yl <sz|<tr+s+t=1+st.
The analysis used to obtain the relation (2.11) is further employed to obtain linear generating function by using
the relation (1.18), is given below:

n=0
=(1—t)—/1F1[1+a,,1,1+u—/3-1+u;

(2.11)

m,n,p=0

wx x
]n

(A)nFl[1+a,/1+n,1+/,t—ﬁ;1+u; ,
n! 1—-x"x—-1

wXx X
1-x1-t)"x- 1] (2.13)

Further, in (2.2), replace x by — =y wzx , t by t;, t, and A by A;, A, respectively. Then multiply the two equation,
to obtain
(A)m (A2)n wpx \~A1tm) wyx 2t
., ominl (1- 1— x) (1- — x) ()™ (t2)
=(1- tl)—/h (1- tz)—xz <1 - L)_M (1 — L)ﬂlz (2.14)
1-x1-t) 1-x)(1-1¢)

Now multiply both sides of (2.14) by x*(1 — x)~# and then by appealing the fractional derivative operator
D, ™" on both sides and using (1.19), one obtains the double sum generating relation as

WX WX X

A 2dn . o (3
Zo—m!n! (D™ (&) F, [1+a,ll+m,Az+n,1+u—B,1+u,1_x,1_x,x_1
mmn=

w1 X wHX
= (1— )M (1 - t,) 2P [1 a1 =B+ L 2

1-00-6)'1-0A-t) x

X
- 1] (2.15)

where F* is defined by (1.11) atn = 3.
Further, we adopt the analysis similar to (2.15) and use the relations (1.20), (1.21), respectively, yield's the
following double sum generating functions as follows:

A)mA2n . v n
Z —(tl) )" Fyll+n1+al+a,B A +mB; 8,1+ 1,1+ 1wy, wx,x]

m,n=0
w
= (- t) M - t;)F [/1,1+a,1+0(, A BB 1 e 1T ,x] 2.16
( 1D 2) M |12 B2, B; B u M(l—tz) (1—1t) ( )
where F,, is defined by [8] as
V(@ (@) (B (B

Fii:Fylay, az, az, B1, Bay Bis Vi, V2, Yas %y, 2] = x™y" zP 2.17
11: Fulay, az, a2, By, Ba, Bi; V1, V2, V25 %, 9, 2] oy D VDnrpminlp! ( )
O M dn o  [L @i B — /11+m12+n -

Z R (&)™ (E)"F R wlx Wy X, x]
m,n=0 '3 P 0 x

1+ai:—B—1 A4 — W
— _ -1 _ -1z 3) P 1,12, =)
A=) (L= 6)72F [1+M:=—; ——=B= (1-t) (1—t2) (2.18)
where the general triple hypergeometric series F®[x, y, z]|s defined by [11] as
b); (b); (b"): (¢); (¢"); (c");

F®Ix,y, FG3) (@)::( ,

o221 = E 03z (9: (9 (g (s (); ()Y

x™ y" zP
Z AGmnp) T (2.19)

mmn,p=0
where, for convenience,

]—[}4=1 (aj)m+n+p HF:l (bj)m+n H]lg;l (b'j)n+p H]B;1 (b”j)p+m
]E=1 (ej)m+n+p Hf:l (gj)m+n H]G’:1 (g']')n+p H}(;;l (g”j)p+m

A(m,n,p) =

x H](‘:zl (C])m 1 (C )n 1 (C” )p
i ()m T2y (DR T (R,
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Again, in (2.2), replace x by ):; T , t by t1, t, and A by 4;, 4, respectively. Then multiply the two equation,
to obtain

y yl W \—A1+m) /1 — .\ " @2t

( 1)m'( Iz)n (1 _ ) ( 2) O™ ()"
a0 m:n. X1Xy X1X3

W -1 W 12
=(1-t) M-t —12(1——1) (1——2> 2.20
( 17 2) x1%(1 —t1) x1x3(1 = t3) (2.20)

Now multiply both sides of (2.20) by x; ~*1x,~*2x3~%3 and then by appealing the fractional derivative operator
Dy Dy? 2 Dy3™* on both sides and using (1.22), one obtains the double sum generating relation as

(ll)m(AZ)n
— M ,l +m, A, +n, Uy, Us; ay, Ay, as;
minl 4 M1, M 2 Uzs U3 123xx X1%3

(t2)"

m,n=0
w
=1 -t)™MA-t)"2M, [#1,11.12.#2,#3; a, @, az; : )
x1%,(1 — t1) x1x3(1 —t3)

Also, in (2.2), replace x by 1 — wix1x,, 1 — wyx1 x5, t by tq, t, and A by A;, A, respectively. Then multiply the
two equation, to obtain

(A1) m (A2)n
m!n!

(2.21)

(1 — wyx1260) "™ (1 — w0 x,) A2t (£)™ (t,)"

m,n=0

= -t -e) e (1-

W1X1X; )_’11 ( WaX1X )_’12

-0 a-o) (2:22)

Now multiply both sides of (2.22) by x;*1x,%2 and then by appealing the fractional derivative operator
D ‘”D”‘Z_“2 on both sides and using (1.23), one obtains the double sum generating relation as

X1

A A
Z %(t’l)m (tz)nMg[l + aq, 1+ az,ll +m, Az +n; 1+ U, 1+ U W1X1X7, (l)lexz]
m,n=0 o

W1X1Xy WyX1X
=(1—t) (1 —t;) "My [1+a1,1+az.ll,lz;1+u1,1+u2; Lot At lad S

1-t)'(A-t)
Also, in (2.2), replace x by xw;, xw, + % t by t;, t; and A by A, A, respectively. Then multiply the two
equation, to obtain

(2.23)

1) (L), —(A2+n)
%(1 — wyx)~Grtm) (1 — WX — %) &)™ (&))"
m,n=0
" » N 1 W w3 2
=(1-t)A-)™ (1 (1—t1)) ( 1-t) x(l—tz)> “e

Now multiply both sides of (2.24) by x* and then by appealing the fractional derivative operator D; " on both
sides and using (1.24), one obtains the double sum generating relation as

(A41)m (A2)n

] Gy [1 +a,d +n, A +m; 1+ uwix, wx, ] ()™ ()"

m,n=0

-2 -2 WX
=1 -t) A -t) 26 1+ a2, 451+

w1 X
A-t)' A —-t) x(1—t3)
Also, in (2.2), replace x by % % t by t;, t, and A by A4, A, respectively. Then multiply the two equation, to
obtain

(2.25)

A1) m (A0 —(A1+m) —(A2+n)
1) ) e

m,n=0

= —A1 —A2 w1 e w2 B

Now multiply both sides of (2.26) by x~% and then by appealing the fractional derivative operator D% ™ on both
sides and using (1.25), one obtains the double sum generating relation as

A)m (A2)n .

e Y I A T —] (t)™ (t)"

m,n=0
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=1 —t) M —t,)2F [ Ay, A oy —— ©2 (2.27)
1 2 1 |l A1, A ’X(l _tl)!x(l —tz) .

Similarly, the generalization of the generating function (2.27) can be obtained in the following form:

Ay e Godmy ) wr

Z m)!.....(m,)! Fy™ Ay +my, .. A + My W= ,7] (&)™, (t,)™n

mq,.Mpy=
w w
=(1—t)™M..(1-t —inF(")[,A,....,A; = ] 2.28
( 1) ( n) D U, 11 n a x(l _ t]_) x(l _ tn) ( )

Replace x by wix, w,x, % tbyty, t,, t3 and A by A;, 1,, A5 in (2.2) respectively. Then multiply the three
equation, to obtain

2w (A2)n (A ~(3+p)
% (1= ) (1 = )0t (1= 22) T () oy
mmn,p=0
B Ly i s (4 @1X A X 2 W —13
=(1—t)™MA—ty) ™21 —t3)™* (1 a- tl)) <1 a- t2)> (1 m) (2.29)

Now multiply both sides of (2.29) by x* and then by appealing the fractional derivative operator D; " on both
sides and using (1.26), one obtains the triple sum generating relation as
(A)m (A2)n (A2)y
P Gy

w3
min! p| [1 +a, /13 + p'/‘ll +m, AZ +n; 1+ 125 7; w1 X, (sz] (tl)m (tz)n (t3)p

mn,p=0

w w1X wH X
= (1= t) ™M = t) 2 (1 — t3)3Gp [1 b, Ay A Ag 1 4 gy — 2 L 2

x(1—t3)"(1—t) (1—t)

(2.30)

Further, we adopt the analysis similar to (2.30) and use the relations (1.27), we obtain the following triple sum
generating function as follows:

A A (A
M(tl)m ()" ()P Fy (1 + @, Ay +m, Ay + 1,25 + 3 1+ 15 01X, 0%, 03]
o mln!p!
w1 X Wy X w3 X
=(1-t)™MA-t)2 (A —t3)™BED 1+ a, 4, A9, M55 1 + py — e, — 231
( 1D 2)7"%( 3) 3K +a, A1, 42,43 +M(1—t1) A-5) 0-6) (2.31)
1. SPECIAL CASES
In this section, we mention some special cases of our previous results as given below:
On putting, w, = 0 and replacing % by z in (2.4), one obtains
C WD A g [z
nl zFl[ a; Z] tr=0-9 ZFl[ a 1_—t] (3.1)

n=0

is the known result (see, [12], p.292, Eq.6).
Now, if on putting a, = py, a4 = Uy, W1 = X1, Wy =
further with usual replacement yield (3.1).
For w, = 0, in (2.11) and on replacing w, by f one obtains

T37492 'in (2.7), one obtains the relation (2.4), which on

(Dn n -2 z
" FEl+ad+nB;1+wzx]t" =0 —-t)™"F [1 +a, 4,61+ u;l—_t,x], (3.2)
n=0 ’
which for x — 0 reduces to known result ([12], p.292, Eq.6).
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