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I. Introduction

The concept of fuzzy sets was introduced byZadeh [12] and later Atanassov [1] generalized this idea to
intuitionistic fuzzy sets using the notion of fuzzy sets. On the other hand Coker [3] introduced intuitionistic
fuzzy topological spaces using the notion of intuitionistic fuzzy sets. In this paper, we have introduced the
notion of intuitionistic fuzzy B generalized closed sets, and investigated some of their properties and
characterizations.

I1. Preliminaries

Definition 2.1: [1] An intuitionistic fuzzy set (IFS for short) A is an object having the form

A ={{x ua(x), va(x)) : x € X}
where the functions pa: X— [0,1] and v, : X— [0,1] denote the degree of membership (namely pa(x)) and the
degree of non-membership (hamely va(x)) of each element x e X to the set A respectively, and0 < ua(x)
+ va(X)<1 for each x € X. Denote by IFS (X), the set of all intuitionistic fuzzy sets in X.
An intuitionistic fuzzy set A in X is simply denoted by A=(X, ua va)instead of denotingA = {(X, ua(X), va(x)):
X € X}.

Definition 2.2: [1] Let A and B be two IFSs of the form A = {(X, ua(X), va(X)): X € X} and B = {(X, ug(x),
ve(X)) : X € X}. Then,

(@) A c Bifand only if pa(x) < ug(x) and va(x) = vg(x) for all x € X,
(b) A=Bifandonlyif A= Band A 2B,
(© A" = {{X, Va(X).ua(X)): X € X},
(d) AUB = {(x, ua(x) v us(x), va(x) A ve(x)): x€X},
() ANB = {(X, ta(X) A us(X), va(X) V va(X)): XEX}.

The intuitionistic fuzzy sets 0~ = (X, 0, 1) and 1~ =(x, 1, 0) are respectively the empty set and the whole set of
X.

Definition 2.3: [3]An intuitionistic fuzzy topology (IFT in short) on X is a family 7 of IFSsin X satisfying the
following axioms:

(i) 0~,1~€7
(ll) GiNGEeT for any G1,GEeT
(iii) UG;€e 1 for any family {G;:ie J} c .
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In this case the pair (X,t) is called intuitionistic fuzzy topological space (IFTS in short) and any IFS in t is
known as an intuitionistic fuzzy open set (IFOS in short) in X. The complement A® of an IFOS A in an IFTS
(X,7) is called an intuitionistic fuzzy closed set (IFCS in short) in X.

Definition 2.4:[5] An IFS A = (X, ua va ) inan IFTS (X,7) is said to be an
(i) intuitionistic fuzzy g closed set (IFSCS for short) if int(cl(int(A))) € A,
(i) intuitionistic fuzzy B open set (IFBOS for short) if A < cl(int(cl(A))).

Definition 2.5: [6]Let A be an IFS inan IFTS (X,7). Then the B-interior and S-closure of A are defined as
Bint(A)=u {G/Gisan IFBOSin X and G € A}.
Bel(A) = n{K/Kisan IFBCSin X and A € K}.

Note that for any IFS A in (X,7), we have Scl(A%) = (Bint(A))° andBint(A°) = (Bcl(A))S.

Result 2.6: Let A be an IFS in (X,7), then
0) Bel(A)2 A U int(cl(int(A)))
(i) Bint(A) € A n cl(int(cl(A)))

Proof: (i)Now int(cl(int(A))) < int(cl(int(Bcl(A))) < Bcl(A), since A < Scl(A) and Bcl(A) is an IFBCS.
Therefore A U int(cl(int(A))) € Bcl(A).
(ii) can be proved easily by taking complement in (i).

I11. Intuitionistic fuzzyBgeneralized closed sets

In this section we have introduced intuitionistic fuzzy B generalized closed sets and studied some of their
properties.

Definition 3.1:An IFS A in an IFTS (X,7) is said to be an intuitionistic fuzzy B generalized closed set
(IFBGCS for short) if Bcl(A) < U whenever Ac U and U isan IFBOS in (X,1).

The complement A of an IFSGCS A in an IFTS (X,7) is called an intuitionistic fuzzy  generalized open set
(IFBGOS in short) in X.

The family of all IFBGCSs of an IFTS (X,7) is denoted by IFBGC(X).

Example 3.2:Let X = {a, b} and G = (x, (0.5, 0.4), (0.5,, 0.6,)). Then = {0~, G, 1~} isan IFT on X. Let A
= (X, (0.4, 0.3y), (0.6,, 0.7,)) be an IFS in X.

Then, IFFC(X) = {0~, 1~, u,€[0,1], uy € [0,1], v4€[0,1], vpe [0,1] / O< pytv,<1and0 < p,+v,< 1}.

We have A € G. As Bcl(A) = A,Bcl(A) < G, where G is an IFBOS in X. This implies that A is an IFFGCS in X.

Theorem 3.3:EverylFCSin (X, 7) is an IFBGCS in (X,7) but not conversely.
Proof:Let A be an IFCS. Thereforecl(A) = A. Let A< U and U be an IFSOS. Since Bcl(A) < cl(A) =A c U, we
have Scl(A) < U. Hence Ais an IFBGCS in (X, 7).

Example 3.4:Let X = {a, b} and G = (x, (0.5,, 0.4), (0.5,, 0.6)). Then 7 = {O~, G, 1~} isan IFT onX. Let A
= (X, (0.4, 0.3y), (0.6,, 0.75)) be an IFS in X.

Then, IFBC(X) = {0~, 1~, u.€[0,1], up € [0,1], va€[0,1], vpe [0,1] / O0< p tv,< land 0 < py+vp< 1}

We have A € G. As Bcl(A) = A,Bcl(A) € G, where G is an IFBOS in X. This implies that A is an IFBGCS in
X, but not an IFCS, sincecl(A) = G+ A.

Theorem 3.5:EverylFRCSin (X,7) is an IFBGCS in (X,t) but not conversely.
Proof: Let A be an IFRCS[10]. Since every IFRCS is an IFCS [9], by Theorem 3.3, Ais an IFSGCS.

Example 3.6:Let X = {a, b} and G = (x, (0.5, 0.4), (0.5, 0.6,)).Then T = {0~, G, 1~} isan IFT onX. Let A =
(X, (0.4,, 0.3p), (0.6,, 0.7,)) be an IFS in X.
Then, IFBC(X) = {0~, 1~, u.€ [0,1], pp € [0,1], v4€ [0,1], vpe [0,1]/ 0 < patv,<land 0 < py+v,< 1}.
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We have A € G. As Bcl(A) = A,Bcl(A) € G, where G is an IFBOS inX. This implies that A is an IFBGCS in X,
but not an IFRCS, sincecl(int(A)) = cl(0~) = 0~ # A.

Theorem 3.7:EverylFSCSin (X,t) is an IFBGCS in (X,7) but not conversely.
Proof:Assume A is an IFSCS [5]. Let A< U and U be an IFBOS. Sincefcl(A) Sscl(A) = A and A € U, by
hypothesis, we haveBcl(A) < U. Hence A is an IFBGCS.

Example 3.8:Let X = {a, b} and G = (x, (0.5,, 0.4), (0.5,, 0.6)).Then t = {0~, G, 1~} is an IFT on X. Let A
= (X, (0.4,, 0.3y), (0.6,, 0.7,)) be an IFS in X.

Then, IFBC(X) = {0~, 1~, u, € [0,1], pp € [0,1], vae [0,1], vpe[0,1] / O< pptv,<land 0 < pp+vp< 1}

We have A € G.As Bcl(A) = A, Bcl(A) € G, where G isan IFBOS in X. This implies that A is an IFBGCS in
X, but not an IFSCS, since int(cl(A)) = int(G%) =G & A.

Theorem 3.9:EverylFaCSin (X,7) is an IFBGCS in (X,t) but not conversely.
Proof:Assume A is an IFaCS [5]. Let A< U and U be an IFBOS. Sincegcl(A) < acl(A) =A and A € U, by
hypothesis, we have Scl(A) < U. Hence Ais an IFBGCS.

Example 3.10: Let X = {a, b} and G = (x, (0.5, 0.4), (0.5,, 0.6)). Thent = {0~, G, 1~} isan IFT on X. Let
A= (x, (0.4, 0.3,), (0.6, 0.7,)) be an IFS in X.

Then, IFBC(X) = {0~, 1~, u.€[0,1], up € [0,1], va € [0,1], vpe [0,1] / O< pstv,< 1l and 0 < pptv,< 1}.

We have A € G. As Bcl(A) = A, Bcl(A) € G, where G is an IFBOS in X. This implies that A is an IFBGCS in
X, but not an IFaCS, since cl(int(cl(A))) = cl(int(G")) = cl(G) = G°¢ A.

Theorem 3.11:EverylFPCSin (X,7) is an IFBGCS in (X,t) but not conversely.
Proof: Assume A is an IFPCS [5]. LetA < U and U be an IFB0OS.Sincefcl(A) < pcl(A) = Aand Ac U, by
hypothesis, we have gcl(A) € U. Hence A is an IFBGCS.

Example 3.12: Let X = {a, b} and G = (x, (0.5, 0.6), (0.5,, 0.4y)), Then 7 = {0~, G, 1~} isan IFT on X. Let
A =(x, (0.5, 0.7p), (0.5, 0.3p)) be an IFS in X.

Then, IFBC(X) = {0~, 1~, u, €[0,1], up€e[0,1], v, €[0,1], vpe [0,1] /up <0.6 whenever p,>0.5, u, <0.5
whenever p, = 0.6,0< pu,tv,<land 0 < pp+v,< 1}.

NowAC 1~. As Bcl(A) = 1~ € 1~, we have A is an IFBGCS in X, but not an IFPCS since cl(int(A)) = cl(G)
=1~ ¢ A

Remark 3.13: Every IFGCS and every IFBGCS are independent to each other.

Example 3.14: Let X = {a, b} and G; = (X, (0.5,, 0.5), (0.5,, 0.5,)) and G, = (x,(0.3,, 0.1;),(0.7, 0.8,)). Then
T ={0~, Gy, Gyp,1~}isan IFT on X. Let A = (x, (0.4,, 0.3p), (0.6, 0.7,)) be an IFS in X. Then A € G; andcl(A)
= G,°c G;.Therefore A is an IFGCS in X.

Now IFBC(X) = {0~, 1~, u, €[0,1], up € [0,1], v, € [0,1], vue [0,1] / either u, =0.5 and uy, =0.5 oru,< 0.3 and
Up<0.1, 0< ptv,<land 0 < puptvp< 1}.

Since A € G; where Gy is an IFSOS in X, but Bcl(A) =(x, (0.5,, 0.5,), (0.5,, 0.5,)) € A, Ais not an IFBGCS.

Example 3.15: Let X = {a, b} and G = (x, (0.5, 0.4), (0.5,, 0.6,)). Then = = {0~, G, 1~} is an IFT on X. Let
A = (X, (0.4, 0.3p), (0.6, 0.7,)) be an IFS in X.

Then, IFBC(X) = {0~, 1~, u.€ [0,1], up € [0,1], va€ [0,1], vpe [0,1] /O < patv, <l and 0 < ppt+v, <1}.

We have A € G. As Bcl(A) = A Bcl(A) < G, where G is an IFBOS in X. This implies that A is an IFBGCS in
X, but not an IFGCS in X, sincecl(A) = G°¢ G.

Theorem 3.16:EverylFBCSin (X,t) is an IFBGCS in (X,7) but not conversely.
Proof: Assume A is an IFBCS [5] then Bcl(A) = A. Let A < U and U be an IFBOS. Thengcl(A) € U, by
hypothesis. Therefore A is an IFBGCS.

Example 3.17:Let X = {a, b} and G = (X, (0.5,, 0.7), (0.5, 0.3,)).Thent = {O~, G, 1~} isan IFT on X. LetA
= (X, (0.5, 0.8y), (0.5, 0.2,)) be an IFS in X.

Then, IFBC(X) = {0~, 1~, u,€[0,1], uy € [0,1], v, € [0,1], vpe [0,1] / provided u, <0.7 wheneverpu,=>0.5,u, <0.5
whenever p, >0.7, 0< p,tv,<land 0 < up+tv,< 1}.
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Now A < 1~ and Bcl(A) = 1~<1 ~. This implies that A is an IFBGCS in X,but not an
IFBCS,sinceint(cl(int(A))) = int(cl(G)) =int(1 ~) =1~ € A,

Theorem 3.18:Every IFSPCS in (X,7) is an IFBGCS in (X,t) but not conversely.
Proof: Assume A is an IFSPCS[11]. Since every IFSPCS is an IFSCS [7], by Theorem 3.16, A is an IFBGCS.

Example 3.19:Let X = {a, b} and G = (X, (0.5,, 0.4), (0.5, 0.6p)). Then t = {0~, G, 1~} isan IFT on X. Let
A = (X, (0.4, 0.3p), (0.6, 0.7,)) be an IFS in X.
Then, IFBC(X) = {0~, 1~, u.€ [0,1], up € [0,1], va € [0,1], vpe [0,1] /O< ptv,<land 0 < up+v,< 1}.
Here Ais an IFBCS in X. As int(cl(int(A))) = 0~ < A. Therefore A isan IFBGCS in X.

Since IFPC(X) = {0~, 1~, u, €[0,1], up€[0,1], v, € [0,1], vpe [0,1] /either wu,=> 0.6 or u, < 0.4
whenever p,> 0.5, 0< p.+v,<land 0 < ppt+vy, < 1}
But A is not an IFSPCS in X, as we cannot find any IFPCS B such that int(B) € A € B in X.

In the following diagram, we have provided relations between various types of intuitionistic fuzzy closedness.

T

IFRCS ——— [FoCS ———p IFPCS —» [FBGCS

| |/

IFSCS ——» IFSPCS—— - IFCS

The reverse implications are not true in general in the above diagram.

Remark 3.20:The union of any two IFBGCS is not an IFSGCS in general as seen from the following example.

Example 3.21:Let X = {a, b} and t = {0~, G, G,, 1~} whereG; = (X, (0.7, 0.8), (0.3,, 0.2y))and G, = (X,
(0.64, 0.7), (0.4,, 0.3p)).Then the IFSsA = (x, (0.6, 0.5,), (0.4,, 0.3y)) and B = (X, (0.4,, 0.8p), (0.4,, 0.2,))are
IFBGCSs in (X,7) but AU B is not an IFFGCS in (X,T).

Then IFBC(X) = {0~, 1~, us€ [0,1], up € [0,1], v, €[0,1], vpe [0,1] / provided uy <0.7 wheneveru,>0.6, u, <0.6
whenever (,=>0.7, 0< p+v,<land 0 < py+vp< 1}.

As Bcl(A) = A, we have Ais an IFBGCS in X and Bcl(B) = B, we haveB is an IFBGCS in X. NowA U B = (X,
(0.6,, 0.8y), (0.4,, 0.2,)) € G, where G, is an IFSOS, but fcl(AUB) =1~ & G;.

Theorem 3.22:Let (X,t) be an IFTS. Then for every A € IFBGC(X) and for every B € IFS(X), A € B <
Bcl(A) = B e IFBGC(X).

Proof:Let B € U and U be an IFBOS. Then since, A< B, A c U. By hypothesis, B S Bcl(A). Therefore
Bel(B) < Bcel(Bel(A)) = Bel(A) € U, since A is an IFBGCS. Hence B € IFEGC(X).

Theorem 3.23:An IFS A of an IFTS (X,7) is an IFBGCS if and only ifA;°F = Bcl(A) 4 F for every IFBCS F
of X.

Proof: (Necessity): Let F be an IFBCS and A ;°F, then A € F° [9], where F®is an IFBOS. Then Bcl(A) € F*, by
hypothesis. Hence again [9] Bcl(A) 4 F.

Sufficiency: Let U be an IFBOS such that A € U. Then U is an IFBCS and A < (U°)". By hypothesis, A" U=
Bel(A) ¢° U°. Hence by [9], Bcl(A) < (U°)°= U. Therefore Bcl(A) < U. Hence A is an IFBGCS.
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Theorem 3.24:Let (X,z) be an IFTS. Then every IFS in (X,7) is an IFBGCS if and only if IFBO(X) =
IFBC(X).

Proof: (Necessity):Suppose that every IFS in (X,7) is an IFFGCS. Let U € IFBO(X), and by hypothesis, gcl(U)
c U c Bcl(U). This implies Bcl(U) = U. Therefore U € IFBC(X). Hence IFBO(X) S IFSC(X). Let Ae IFBC(X),
then A°e IFBO(X) < IFBC(X). That is, A°e IFBC(X). Therefore Ae IFBO(X). Hence IFBC(X) < IFBO(X).
Thus IFBO(X) = IFBC(X).

Sufficiency: Suppose that IFBO(X) = IFBC(X). Let A € U and U be an IFBOS. By hypothesis Bcl(A) <
Bcl(U) =U, since U € IFBC(X). Therefore A isan IFBGCS in X.

Theorem 3.25:1f A'is an IFBOS and an IFBGCS in (X,t) then A is an IFBCS in (X,1).
Proof: Since A < A and A is an IFSOS, by hypothesis, Scl(A) € A. But A < Scl(A). Therefore Scl(A) = A.
Hence A is an IFBCS.

Theorem 3.26: Let A be an IFBGCS in (X,7) and pgbe an IFP in X such that int(peg)qBcl(A), then
int(cl(int(peo,p))) q A
Proof: Let A be an IFSGCSand let (int(pp)))qBCI(A).
Suppose int(cl(int(p.p))) ¢« A, since by [9] A< [int(cl(int(p.p)))]°.This implies [int(cl(int(pep)))]1° is an
IFBOS. Then by hypothesis,
Bel(A) clint(cl(int(pe.)))]°
= cl(int(cl [(pup)]"
< el(Cl[(pp)]
= cl[(Pp)]”
=(int(p(a.p))"- This impliesint(pg)q BCl(A),which is a contradiction to the hypothesis. Hence int(cl(int(pg))) q
A.

Theorem 3.27:Let F <€ A < X where A is an IFFOS and an IFBGCS in X. Then F is an IFSGCS in A if and
only if Fisan IFBGCS in X.

Proof: Necessity: Let U be an IFBOS in X and F € U. Also let F be an IFBGCS in A. Thenclearly FS AnU
and AnUisan IFBOS in A. Hence the g closure of F in A, Bcla(F) €A N U. By Theorem 3.25, A is an IFSCS.
Therefore Bcl(A) = A and the g closure of F in X, Bcl(F) € Bcl(F) n Bcl(A) = Bel(F) n A = Bcla(F) S AnU
€ U. That is, gcl(F) < U whenever F < U. Hence F is an IFBGCS in X.

Sufficiency: Let V be an IFBOS in A such that F € V. Since A is an IFBOS in X, V is an IFBOS in X.
Therefore Scl(F) €V, since F is an IFBGCS in X. Thus Bcla(F) =gcl(F) nA =€V n A < V. Hence F is an
IFBGCS in A.

Theorem 3.28:For an IFS A, the following conditions are equivalent:
0] Aisan IFOS and an IFBGCS
(i) Alisan IFROS

Proof: (i) = (ii) Let A be an IFOS and an IFBGCS. Then Scl(A) € A and A < Bcl(A) this implies that Scl(A) =
A. Therefore A is an IFBCS, since int(cl(int(A))) € A. Since A is an IFOS, int(A) = A. Therefore int(cl(A)) <
A. Since Ais an IFOS, it is an IFPOS. Hence A cint(cl(A)). Therfore A = int(cl(A)). Hence A is an IFROS.

(if) = (i) Let A be an IFROS. Therefore A = int(cl(A)). Since every IFROS in an IFOS and A< A. This implies
int(cl(A)) € A. That is int(cl(int(A))) € A. Therfore A is an IFBCS. Hence A is an IFBGCS.

Theorem 3.29: For an IFOS A in (X,7), the following conditions are equivalent.
(i) Aisan IFCS
(i) Aisan IFBGCS and an IFQ-set

Proof: (i) = (ii) Since A is an IFCS, it is an IFBGCS. Now int(cl(A)) = int(A) = A = cl(A) = cl(int(A)), by
hypothesis. Hence A is an IFQ-set[8].
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(if) = (i) Since A is an IFOS and an IFBGCS, by Theorem 3.28, A is an IFROS. ThereforeA = int(cl(A)) =
cl(int(A)) = cl(A), by hypothesis. A is an IFCS.

Theorem3.30:Let (X,7) be an IFTS, then for every A € IFSPC(X) andfor every B in X, int(A) S BS A=B €
IFBGC(X).

Proof: Let A be an IFSPCS in X. Then there exists an IFPCS, (say) C such that int(C) < A < C. By hypothesis,
B cA. Therefore B < C. Since int(C) € A, int(C) <int(A) and int(C) € B, by hypothesis. Thus int(C) cB< C
and by [5], B € IFSPC(X). Hence by Theorem 3.18,B € IFBGC(X).
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