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Abstract:

In this paper we introduced a new method, named Laplace substitution method (LSM), which is based on Lapalce transform.
This new method with a convenient way to find exact solution with less computation as compared with Method of Separation
of Variables(MSV) and Variational iteration method (VIM). The proposed method solves linear partial differential equations
involving mixed partial derivatives.
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Introduction:
Nonlinear ordinary or partial differential equations involving mixed partial derivatives arise in various fields of science,
physics and engineering. The wide applicability of these equations is the main reason why they have gained so much
attention from many mathe- maticians and scientists. Unfortunately they are sometimes very difficult to solve, either
Numerically or theoretically. There are many methods to obtain approximate solutions of these kinds of equations. Partial
differential equations (PDE) are differential equations that contain unknown multi variable functions and their partial
derivatives. PDEs are used to formulate problems involving functions of several variables, and are either solved by hand,
or used to create a relevant computer model. The Method of separation of variables [8] and Variational iteration method [2-4]
has been extensively worked out for many years by numerous authors. Starting from the pioneer ideas of the Inokuti -Se
kine- Mura method [5], JI-Huan He [4] developed the Variational iteration method (VIM) in 1999. The variational iteration
method , has been widely applied to solve nonlinear problems, more and more merits have been discovered and some
modifications are suggested to overcome the demerits arising in the solution procedure. For example, T.A.Abassy. et al [6,7]
also proposed further treatments of these modification results by using Pade approximants and the Laplace transform. The
Laplace transform is a widely used integral transform. The Laplace transform has the useful property that many relationships
and operations over the originals f(t) correspond to simpler relationships and operations over the images F(s). It is named for
Pierre-Simon Laplace (1749-1827) [1], who introduced the transform in his work on probability theory.

The main goal of this paper is to describe new method for solving linear partial
Differential equations involving mixed partial derivatives. This powerful method will be proposed in section 2; in section 3
we will apply it to some examples and in last section we give some conclusion.

2. Laplace Substitution Method:
The aim of this section is to discuss the Laplace substitution method. We consider the general form of non homogeneous
partial differential equation with initial conditions is given below

Lu(x.y) + Rulx, y) =h{x.y) (2.1)
; u(x, 0) = f(x), uy(0, y) = g(y) 22)
Where L = Pl Rulx, v) is the remaining linear terms in which contains only first order

partial derivatives of u(x, y) with respect to either x or y and h(x, y) is the source term. We
can write equation (2.1) in the following form

u
= t Ru(xy) = h(xy)

dx By
8 fdu
—| — | + RBulx, y) =hix, 2.3
ﬂx(ﬂy]+ uGe,y) = hGx,y) 2.3)
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Substituting 2—: = U7 in equation (2.3), we get

au
g Rulx,y) = h(x.y) (2.4)

Taking Laplace transform of equation (2.4) with respect to x, we get

1 1

Uls.y) = - u0.y) + ;Lx[h(m y) — Ru(x, y)]
1 1

Uls.y) = ;uﬁ,(f}, v+ S Ly [h(x, y) — Rulx, y)I

1 1
Ule.y) = - ely) + N L, [h(x, y) — Ru(x, y)] (2.5)

Taking inverse Laplace transform of equation (2.5) with respect to x, we get
UG y) = gly) + Ly {Ly[hGx y) — Rulx, y)] } (2.6)
Re-substitute the value of U(x, y) in equation (2.6), we get

du(x.y)
ay

This is the first order partial differential equation in the variables x and y. Taking the
Laplace transform of equation (2.7) with respect to y, we get

1
sulx,s) = fx) + L, [gﬁf} + LGt [; L [hGx.y) - Ru[x,jf}]]]

=gly) + LML, [h(x y) — Rulx,y)]} 27

1 1 1 '
ulx, ) = ;fﬁ{} +- L, [gy) +L3* [;Lx[h[l{,j.?} — Ru(x ,y}]] (2.8)

Taking the inverse Laplace transform of equation (2.8) with respect to y, we get
] (2.9)

ubey) = 160 + L.}l{;[.y £) + I3t E L TG, y) — Rube, y)]

[ S

The last equation (2.9) gives the exact solution of initial value problem (1.1).

3. Applications:

To illustrate this method for coupled partial differential equations we take three examples
in this section.

Example 1: Consider the partial differential equation

TU_ oy (3.10
ﬂxﬂy = & “CO05X .
with initial conditions u(x, 0) =0, uy(0, y) = 0 (3.11)
In the above initial value problem Lu(x, y) = Fre ,h(x v) = e ¥cosx and general linear term Ru(x,y) is zero.
Equation (3.10) we can write in the following form
ENE -
. E(E—D = e ¥cosx (3.12)
Substituting 3—: = 1 in equation (3.12), we get
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an
=¥
.ﬂr = & ‘COsX (313)

This is the non homogeneous partial differential equation of first order. Taking Laplace
transform on both sides of equation (3.13) with respect to x, we get
sU(s,y) — U(0,y) = L, [e ¥cosx ]
3
— a=¥F_
UGy = o en

Taking inverse Laplace transform of equation (3.13) with respect to x, we get
Ul y) = e Feosxs

duixy) _ vy
oy & coss (3.14)

This is the partial differential equation of first order in the variables x and y. Taking
Laplace transform of equation (3.14) with respect to y, we get

sulx, 5) —ulx,0) = simcL

1+s
ulx, s) = sinx (3.15)
Taking inverse Laplace transform of equation (3.15) with respect to y, we get
ulx, 5) = sinx(1 — e™¥) (3.16)

This is the required exact solution of equation (3.10). Which can be verify through the
substitution. Which is same the solution obtained by (MSV) and (VIM).

Example 2: Consider the partial differential equation
#u

prrai sinx siny (3.17)

with the inital conditions
u (x, 0)=1+ cosx , uy(0, y)=-2siny (3.18)
In the above example assume that ux(x, y) and uy(x y) both are differentiable in the domain of definition of function u(x, y)

[Young's Theorem]. This implies that R Given initial conditions (3.18) force to write the equation (3.17) in

i_}ﬂr Erﬂ_].
following form and use the substitution Pl U
;;x (i—;) = ginx siny (3.19)
j—: = sinx siny (3.20)
Taking Laplace transform of equation (3.20) with respect to x, we get
UGcy) === 4 siny [ - ] (3.21)

Taking inverse Laplace transform of equation (3.21) with respect to x, we get
Ulx vy} = —2siny + siny[1 — cosx]
% = —2siny + siny[1 — cosx] (3.22)
Taking Laplace transform of equation (3.22) with respect to y, we get
sulx, s} —ulx,0) = 12 -
1+z
sulx, s) = (1 4+ cosx) —

ul.s) = (1 + cosx) [x - 3r1+33‘1]

Taking inverse Laplace transform of equation (3.23) with respect to y, we get
u (X, y)=(1+cosx) cos 'y (2.24)
This is the required exact solution of equation (3.17). Which can be verify through the
substitution. Which is same the solution obtained by (MSV) and (VIM).

(3.23)

Example 3: Consider the following partial differential equation with Ru(x,¥} = 0

#u Elu 62 326
axay ax + u = ox j‘r ( ' ]
With initial conditions
u(x, 0)=1, u(0, y)=y, uy(0,y)=0 (3.26)
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2,
In the above example Ru(x, y) = ;r—; + ulx, y). Use the substitution j—: = U{x ¥} in equation (3.25), we get

%+§—;+u:6xzy (3.27)

Taking Laplace transform of equation (3.27) with respect to x, we get
sU(s,y) — U(0,y) + suls.y) — ul0,v) + L. [u(x y)l L:—f

Uls,y) = —uls,y) — f L. [utxv)] + l??y (3.28)

Taking inverse Laplace transform of equation (3.28) with respect to x, we get

1
Ulx,y) = —ulxy) — L3t [; L [u(x y]]] + 2yx®

m:;_:y; = —ulxy) - L;* E Lx[u{x,y]]] + 2yx® (3.29)
Taking Laplace transform of equation (3.29) with respect to y, we get
1 1
sulx,s) —ulx,0) = —L; Julxy) + L3* [; Ly [u(x y]]] + 27 =
ulx, s) = i — L, fulxy) + 15" E L [uQ y]]]] + Exgg% (3.30)

Taking inverse Laplace transform of equation (3.30) with respect to y, we get

uley) =1 - Lgl[iLF uGey) + L;L[fmu(x,y]]]]] sy (331)

We cannot solve the equation (3.31) because our goal u(x, y) is appeared in both sides of equation (3.31). Therefore the
equation (3.25) we cannot solve by using LSM because of Ru{x ¥} = 0.

3. Conclusion

In this paper, we proposed Laplace Substitution Method (LSM) is applicable to solve

partial differential equations in which involves mixed partial derivatives and general linear

term Ru(x, y) is zero. The result of first two examples compared with (MSV) and (VIM), tell us that these methods can be
use alternatively for the solution of higher order initial value problem in which involves the mixed partial derivatives with
general linear term Ru(x, y) is zero. But the result of example number three tell us that (LSM) is not applicable for those
partial differential equations in which R u(X, y) # 0.Consequently the (LSM) is promising and can be applied for other
equations that appearing in various scientific fields.
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