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1.0 Introduction

Throughout this work we shall carry out certain exercises set by Professor M.A. Atiyah in his Notes on Commutative Algebra.
This monograph was first published in mimeograph by Mathematical Institute at Oxford University in 1965. The whole of our
presentation relies heavily on Atiyah’s prototype which was later published as our reference [1] by Addison Wesley in 1969.

We discuss general method by which one can determine the operation on ideals that is, behavior of the ideals in a
commutative unital ring. By operations, we mean basic operations on ideals such as addition, multiplication, intersection, the

formation of ideal quotients, radicals, the extensions and contraction of ideals. If A # {0} be a ring, then A has a maximal

ideal and a minimal prime ideals is the major objective of this work. In specific cases which have been extensively studied this
questions are extremely hard to answer.

The literatures covered by this study are fairly extensive, see for example [3], [4], or [6]. We consider the formation of
radicals of ideals which is a natural consideration in the context of solution of equations and the factorization of elements in
commutative rings. Let a be an ideal of A . The radical of a, r(a) isthe set of all X € A, such that X" € a for some integer

Nn=>1 (or equivalently, it is the set of elements X in A whose image X in the factor ring A/a is nilpotent). Recently Lipman

[5], Eakin et-al [8] and Sally et-al [9] have removed the assumption on characteristic. We can recover this result. Indeed, we find
considerably more. Johnson [7] has conjectured that maximal ideals reduces the centralizers and operators and Eagon et-al [2] has
conjectured that ideals defined by matrices and certain complex associated to them have a unique properties. We are able to show:

1.1 Definition
When we say that A is a ring, we shall mean that multiplication is commutative in A and that the multiplicative identity,
denoted by 1, also belongs to A. Moreover, 10, where O is additive identity. Also; if A,B are rings, a ring

homomorphism
f:A—>B

Is a mapping such that whenever X, Y € A, we have
f(x+y) =f(x)+f(y)
Fly) = f()f(y)
f1) =1
We shall denote the ideal of multiples of an element X by (X) That is (X) = {ax .ae A}. In general, we

donate an ideal of A by notation a,b, p,m e.t.c. In this work, we discuss the basic operation on ideals, such as addition,

intersection, multiplication, the formation of ideal quotients, radicals, and the extensions and contractions of ideals.
We start with the class of ideals which are by far the most important in Commutative Algebra.

By definition, an ideal p is to be the prime ideal of A if:
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(i) p#=(1), (=A), and
(ii) Xyep=>Xepor yep.

Part of the reason for the importance of prime ideals lies in the following proposition which we state without proof:

1.2 Proposition
Anideal of A isa prime ideal if and only if its associated quotient ring A/a is an integral domain.

Anideal m in A is said to be maximal if:

(i) m=(1) (=A) and

(i) a isanideal in A suchthat mcac A ;theneither a=m or a=A.
We prove that every maximal ideal is a prime ideal by obtaining the following results:

1.3 Proposition
Anideal a of A is maximal if and only if its associated quotient A/a is a field.
Proof
Suppose @ is a maximal ideal of A, then a# A and so A/a;t{O}, the zero ring. For any X € A, we write

X=X+a= {X—l— yiye a} and suppose that X # 0 in A/a . To find its inverse, we note that a+ (X) is an ideal such that
a# a+(x). Moreover, we have a C a+(x) c A; hence a+X =(1). And so there exists y such that 1= Xy (mod a).
Hence XY = le A/a . This proves that A/a is a field.

Conversely, suppose that A/a is a field and acbc A for any ideal b of A, the first inclusion being strict. Let

XeA,yeb, yea. Then Y # 0 in A/a. Since A/a is a field, one can find > such that
X=YZ=>Xx-yzeachb=xeb, since yeb, by hypothesis. This proves that Acbc A=b=A. Hence a is
maximal. Q. E. D..

Combining (1.2) and (1.3), it is clear that every maximal ideal is prime. The converse is obviously false, since {O} is
prime in [, the ring of integers, without being maximal.

Next, to demonstrate the abundance of prime ideal, we prove the following:

1.4 Proposition

Let A# {0} be aring, then A has a maximal ideal.
Proof

Let S be the set of ideal a# A of the ring A . By hypothesis, (O) =A and so S is non-empty. We can therefore
order S by inclusion. Consider any ascending chain {b. e I} in S, so that for any i, je | either by b, or b, cb,.

Consider the set b= U, we claim that b is an ideal.
i=I

Indeed, if Xeb, then X € b, for some i€l .Hence, a=A = axehb = Ab c b. Furthermore, if X, y €b, then
y b, forsome j el and without loss of generality, we may assume b, = b; = X,y eb; = x+yeb, cb.

Thus, our claim has been established. Moreover, since 1 € | =1 ¢D, by hypothesis, we deduce that i ¢b. Hence
b e S. Thus, any ascending chain in S has upper bound in S and so by zorn’s lemma S has a maximal element, m say. This
proves our proposition.

1.5 Proposition
If A# {O} is aring, then A has a minimal prime ideal.
Proof
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Let X be the set of prime ideals in A . X is non-empty by (1.4) . Let {pi} be a chain of prime ideals in 2. Their

intersection is an ideal a = r\l p,= N p, forsome jel.
1= B

PiSP;j
To prove that @ is indeed a prime ideal, suppose that Xy €@, Y €@, then y ¢ p; for some jel.Since Xy e p;,
I €|, by the supposition that Xy € a and by hypothesis P; is prime, it follows that X € p; .

Moreover, if p; € p;,then y & p; = Y € ;, and by the argument, we have just used, we deduce that X € ;. Thus

Xea= N p;.
Pi S Pj

Clearly a;t(l), since iel =1¢ p,. Thus, a is a prime ideal. Moreover, since P=0pch for all i, it
le

follows that any chain in X has a lower bound in X and by zorn’s lemma, X has a minimal element. This proves our
proposition.

Next we turn to some results related to the formulation of ideals quotients.
Let a, b be ideals in a commutative ring A, the ideal quotient of a by b written (a:b) is defined by
(a:b)={xeA:xbca}.
1.6 Proposition
Let a,b and ¢ be ideals of ring A, then
(i) ac(a:b)
(i) (a:b)bca
i) ((a:b):c)=(a:bc)=((a:c):b)

(iv) (ri\ a :b):r_\(ai :b)

(v) (a:?bi)zm(a:b,)

Proof

(i) ac (a X b). By definition of ideal, X e a=> Xb < a (because a isan ideal) = X (a X b) by definition of
(a:b)=ac(a:h).

(ii) By definition (a X b)b is generated by products of the form Xy where X € (a X b) and yeb. But then

xe(a:b), yeb= xy ea. Hence, each generator of (a:b)b liesin a andso  (@:b)bca as required.
(iiiy  Let Xe ((a : b)C) and consider any generator yz of bC.

Then Z eC = ZX e(a : b) = yzX €@, since Y € b. Hence multiplication by X transforms every generator of
bc into an element of a .

Hence beQa:>XG(a:bc):((a:b):c)g(a:bc)

Next, let U e(a : bC). For any element Ve, Web , we have

weh=bc=uwea=uwe(a:c)=ue((a:c)b)=(a:bc)=((a:c)b).

Let se((a:c)b), tebrec.

Then ste(a:c):>strea:srbgaDSCg(a:b):se((a:b)c)

= ((a : C)b) = ((a: b)C) proving equality of the giving ideals.
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(iv)  Let Xe(r_\ai :b);then xb < &, foreach i = x (4, :b) for each i:>Xeri\(ai :b)

:>(m a :b)gr_\(ai :b).
Conversely, yeri\(a1 :b) =y e(a, :b) for each

i:>ybg((iwa1 :b):ye(riw(ai :b)):>riw(a1. :b)g(riwa1 :b).

This proves equality

(v) Let xe(a :2h )= (Zb ) = a. Inparticular, b = 3h = xb ca= xe(a:h;) for each
i= XEQ(a:bi)- Hence (a:Zb,)gfi\(ai :b). Since an element of Eh; is of the form
U=y, +Y,+..+Y,, where y, €b;, then
Zeri\(a:bl):zyga:Ze(a:ZlC),):ri\(a:bi)g(a:Zbi).ByAxiomofExtension
(a:Zb,)=riw(a:bi).

Next, we consider the formation of radicals of ideals, which is a natural consideration in the context of solution of
equations and the factorization of elements in commutative rings.

Let @ be an ideal of A . The radical of a, r(a) is the set of all X € A, such that X" € a for some integer N>1 (or

equivalently, it is the set of elements X in A whose image X in the factor ring A/a is nilpotent).

1.7 Proposition
Let @, b beidealsofaring A and p be a prime ideal of A . Then

(i) r(a):a

(ii) r( )

(i) r(ab)=r (amb)_r(a)mr(b)
vy r(a)=(l)ea=1

v r(a+b)=r(r(a)+r(b))

(vi) if p isaprime, I‘(p ): p forsome N >0
Proof
0] if X € a, thentaking N =1, we have X:x’er(a) .Hence a r(a).

@  By@. r(a)cr(r(a)).

Conversely, X € r(r(a)):>x" S r(a) forsome n>0= (X")m €a

forsome m>0=x"" ea for nm> 0. That is, r(r(a))zr(a).
(iii) abgaﬁb:r(ab)gr(amb).AIso, let Xe(amb),then X" eanb for some

n>0=x"ea, xX"eb=xer(a), xer(b)=xer(a)nr(b)=r(anb)cr(a)nr(b)

Finally, let y er(a)nr(b),then y" €a, n>0and y"" =y"y" eab=yer(ab). Hence,
r(a)mr(b) C r(ab) and we have the chain of inclusion

r(ab)cr(amb)cr(a)nr(b)cr(anb).

By axiom of extension, we deduce that
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r(ab)=r(anb)=r(a)nr(b)
r(a)=(1):>1:1”eaforsome n>0=as(l)oa=a=(1).
a=(1)=(1)=acr(a) by (i) =@1l=acr(a)c(l)=r(a)=1.
a+bcr(a)+r(b) by r(a+b)gr(r(a)+r(b)).
Conversely, let Y € r(r(a)+ r(b)), then y" e( (a)+ r(b)) for some N> 0.
Suppose  Y" =U+V, where UEr(a) ver b) with indices t,S; that is, Uu'ea,vieb for
t>0,s>0. Hence y”(Hs_l):(u+v)t+Sl Tuv®  where it is impossible for 1<s and k<t

simultaneously. Hence Tu'v* e a+b. Thus y er(a+h).

Let Xer(p),then X" € p" for N>0=> X e p,since p isprime. Hence pcr(p)c p.Thus r(p)=p by

(i) r(p")=nr(p)=np=p. QE.D.

Next, we consider extensions and contractions of ideals. Indeed, let A,B be commutative unital rings and let

f : A — B be a ring homomorphism. The extension of an ideal a of A relative to f denoted by a°, isthe ideal b of B

generated by f (a) the image of a under f .
Thatis, a° =Bf (a)={y =3y, f (x):x €a,y, eB}.

Conversely, if b is an ideal in B, then the inverse image, f’l(b) is easily verified to be an ideal in A . This ideal is

denoted by b® and is called the contraction of D in A induced by f . Thatis, b® = f_l(b).

1.8

(i)
(ii)
(iii)
(iv)
(V)
(vi)

Proposition
Let &,, @, be ideals of A, b, b, ideals of B and f : A — B be any ring homomorphism.

(a,+a,) =a7 +a;, (b +b,)" b’ +b5
(ana,) cafna;, (nb,) =b Nb;
(aa,) caa;, (bb,) obibS

(a3,) =(a7:a5), (b:b,)" (b :b5)
r(a)’ cr(a’), r(b) =r(b°)

The set E of extensions in A is closed under the operation of sum and product while the set C of contractions in B
is closed under the remaining three.

Proof

()@ Let xe(a,+a,)  then X=2Uf(X) where X, €a +a,.Let X, = X; +X,; for some i,

sothat f(x)="f(x;)+f(X,). where X; €@, X, €a,. But then, we have
x=3u (x)=2uf (x;)+2uf (%) e(a+a,).
Hence (8, +a,) ca; +a;. Then w=3u, f (x )+, f (yj),where

X €a ca+a, Yy ca,ca+a,.

Hence We(a1+a2)e.That is, & +a, :(a1+az)e
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(b) Let xebf +b, then X=X +X,, where f(x)eb and f(x,)eb,.

Thus, f(X)="f (X +%)="f(x)+f(x)eb+h,.
Whence X € (b, +h,)". Thatis, b +b5 = (b, +b, )’

(ii)(a) Let Xxe(a,Ma,)’, then XxeZu, f (X )=>X €8 Ma,. Butthen
X ea, X ea,=>x=3uf(x)ea and x=32uf(x)ea;
Thatis, X=3U, f (X ) €@ Ma;. Hence (a,Na,) ca Na;
0 If xe(bnb,) = f(x)e(b,nb,)= f(x)eh,
f(x)eb, = xebf, xeby = xeb’ nb; = (b,Nb,)° =bf NS
Conversely, let y e b nb;, then f(y)eb, f(y)eb,.
Hence f(y)eb b, =ye(bnb,) =b’ b5 (b Nb,)".
It follows that b Nbs = (b, Nb, )" .
(ii)(a)Let X € (@,a,)". Then X e Zu, f (X, ), where, X; € a,a, for each i.
Since X, =XV, W, , V; €&, W; €&, and
su f (%) =uf (Zvjiwji):Zuif (vji ) f (Wji)eafag for each i .
It follows that X € a; a;. Hence (8,a,) < afas.
Conversely, let y € a; @, , then Y =XU,V, where U, €&, and V; €a,.Forany i,
we have U, zzzjf(xj), X, €a, z,€B, v, =3w f(s,), 5 €a,, W, €B and
UV, :(sz f(x; ))(Zwkf(sk)):szwkf(xj) f(s) =2z, f (XS, ), X; €3, 5, €a,. Hence

e

uy, =3z,w, f (x;s, ) €(aa,)" foreach i.Thatis, y € (aa, ). Thus a; a; = (aa;)
Finally, (afas ) < af a;.

(b) Let  xebfb;, then  xeXxy, where f(x)eb  and f(y,)eb,. That s,
f(x)=f(Zxy;)=2f (x) f(y;)ebb, = xe(bb,)=bb; = (bb,)".

(iv)(a) Let Xxe(a,:a,) , then X=2u, f (X ) where U, € B and X, €(a,:a,). Thus X, €8, = a,, for

all i Let yea;,then y=3v,f(y,) where v, B, y, €a,.
Thus xy = {2u, f (% )}{Zv, f (y; )} Since Xy, € &, forall i and it follows that
xy=2uy;f(xy )eal =>a; caf =>xe(a:a;)=(a:a,) c(af = a;).

) Let ye(b:b,) = f(y)e(b:b,).Let xeb;, then
f(x)eb,= f(y)f(x)eb = f(xy)eb = yxeb’ =bjych
:>ye(bf:b2°):>(bl:b2)°g(bf:b§)

(v)(a) Let Y e r(a)e, then y =2u, f (yi) where Y; € r(a) foreach i .
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y" e a forsome Ni>0= f(y”i):{f(yi)}ni ca’= f(y)er(a) foreach i.
Hence y=3u, f (y,)er(a’). Thus r(a)’ gr(ae).

® yer(b) = f(y)er(b)= f(y) eb forsome n>0
=y eb’ = yer(b’)=r(b*)cr(b)
Conversely, if X e r(bc),then X" eb® forsome m>0.
Thus f(X")eb= f(x)" eb= f(x)er(b)=xer(b®)=r(b")cr(b).
Hence r(b)czr(bc).

(vi)(@) The set E of extensions is closed under the operations of sum and product. Indeed,
(i)(@) af + a§ = (a1 +a, )e and this ensures that the sum of two extensions is itself an extension. Moreover

(ii)(a) afa§ = (a1a2 )e shows the product of two extensions is itself an extension.
The set C of contractions is closed under intersection by virtue of
(ii)b) b°'Nb; = (bl Nb, )c and is closed under the formation of radicals by virtue of

(v)(b), r(b®)=r(b)".

To prove that C is closed under the formation of ideal quotient, we first note that for any ideal a in A, we
e
have @ @ and also for b € B, we have b =b°®. Hence, we have the equality, (blC ; bzc) = (bfe : bzce) :

Conclusion

Our discussion of operation on ideals (and ideals of commutative rings as a special case), helps to explain the supreme importance
of prime ideals in commutative Algebra. Intuitively we consider the formation of radicals of ideals, which is a natural
consideration in the context of solution of equations and the factorization of elements in commutative rings. The extension of an

ideal @ of A relativeto f denoted by a°, isthe ideal b of B generated by f (a) the image of a under f .
Thatis, 8 =Bf (a)={y =3y, (x ):x €a,y, eB}.
Conversely, if b is an ideal in B, then the inverse image, f_l(b) is easily verified to be an ideal in A . This ideal is

denoted by b® and is called the contraction of b in A induced by f . Thatis, b® = f’l(b).

Our results (1.4) and (1.5) shows that the ideals of non-trivial unital ring form a complete lattice. This is a property which A-
module does not share.

References

1. Atiyah, M. F.(1969), Introduction to Commutative Algebra. Addison-Wesley.

2. Eagon J. and Northcoth D. (1962), Ideal defined by matrices and a certain complex associated to them, proc, Royal soc.
A269, 188-204

Eisenbud D. and Evans E.G.(1976), A generalized principal ideal theorem, Nagoya Math. J. 62, 41-53

Henriksen, M.(1953), On the prime ideals of the ring of entire function. Pacific J.Math. 3, 711-720

Lipman J. (1971), Stable ideals and Arf rings, Amer. J. Math. 93, 649-685.

Recs J. (1961), Transforms of local rings and a theorem on multiplicities of ideals, proc. Combridges philos.soc.57, 8-17
Johnson B.E. (1968), centralizers and operators reduced by maximal ideals, J. London Math. Soc. 43, 231-233

Eakin P. and Sathaye A. (1976), prestable ideals, J. of Alg. 41, 439-454

Sally J. D. and Vasconcelos W. V. (1975), Flat ideal 1, comm. in Alg. 3, 531-543

©ooNO R~

'1JCER | Mar-Apr 2012 | Vol. 2 | Issue No.2 |271-277 Page 277



