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ABSTRACT
Calderon-type reproducing formula for Legendre convolution is established using the theory of
Legendre transform.
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I. INTRODUCTION
Calderon formula [5] involving convolution related to the Fourier transform is useful in obtaining reconstruction
formula for wavelet transform besides many other applications in decomposition of certain function spaces. It is
expressed as follows:

w dt
HORINCEVASNEES 1)
where: R" — C and ¢(x) =t"@(x/t), t > 0.For conditions of validity of identity (1.1), we may refer
to [5].

We follow the notation and terminology used in [2].
Let X denote the space L"(—11), 1< p <oo, or C[-1,1] endowed with the norms

1 1/p
11, :Eﬂf(x)r’ dx} <o, 1<p<on, (1.2)
-1

I llc=sup|f(x)I. (13)

—1<x<1
An inner product on X is given by

17 —
<f,g>:EJ'f(x)g(x) dx . (L4)
-1
As usual we denote the Legendre polynomial of degree n eNy by Py(x), i.e.

P.(x)=(2"n1)* (:—Xj x*-1"; xe[-11].

For these polynomials one has

M |P.(X)|<P@=1 : x e[-1,1] (L5)
(i) L-%x*)P.(X)—2xP, (X)+n(n+1)P (x)=0; (1.6)
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Giiy P.(1)= _n(n2+ D .

The Legendre transform of a function f € X is defined by

LIF](K) = f (k) :%jf(x)Pk ()dx; keN, . (18)

1.7)

o0

The operator L associates to eachf € X, a sequence of real (complex) numbers {f(k)} , called the
k=0

Fourier Legendre coefficients.

The inverse Legendre transform is given by

LIFT (x) = F(x) = Y (2k +1) F(K) P, (). 19

1. PRELIMINARIES
Lemma 2.1.Assume f,g € X,k eNpand ¢ R, then

0 [LIFIR)| <|f] x

(ii) L[f +9] (K)=L[f] (k) + L[g] (k), L[cf](k)=cL[f](k);
iy L[F](K)=0forall k eNoifff(x)=0ae;

1

—, k=j

2k +1
v L[P]()=
0 , k=j, (kj)eN,

Let us now define the basic function K(x,y,z) which plays role in our investigation
1-x*-y*—z*+2xyz, z,<z<Z,

K(x,y,2) = (2.2)
0 otherwise,

where z; = xy — [(1-x?) (1-y)]**  and z, = xy + [(1-%°) (1-yD)]*2
Then the function K(X,y,z) possesses the following properties;
0] K(x,y,z) is symmetric in all the three variables

(i) _1[K(x,y,z)dz =T.
Also it haélbeen shown in [2] that

P.(X)P.(y)= % ijk (2)K(x,y,z)dz (2.2)
Applying (1.9) to (2.2), we have

K(X,y,2) = gg@km P.(X) P, (¥) P,(2).

The Legendre translation 7, for Y €[—11] ofafunction T € X is defined by

1 1
(5,10 =F0xy) =~ [f(2) Kix y.2dz @3)
-1
Using Holder’s inequality it can be shown that
Il <1l (2.4)
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and themap Y — ‘tyf is a positive linear operator from X into itself.
As in [2], for functions f,g defined on [-1,1] the Legendre convolution is given by

() (9 =2 (1) ) g)dly
— [EH ey

= L1t 90K y,2) dydz @5)
21

S1-1
Lemma 2.2 If f € X,geL'(=11), then the convolution (f*g) (x) exists (a.e.) and belongs to X.
Moreover,

If*gllx < [flxlall. (2.6)
(f*9)" (k) =f(k)g(k). @2.7)
For any fel?(-11) the following Parseval identity holds for Legendre transform,

2 Ck+D IR (28)
k
l1Il. MAIN RESULTS

Calderon’s formula
In this section, we obtain Calderon’s reproducing identity using the properties of Legendre transform and
Legendre convolution.

Theorem3.1 Let ¢ and y € L (-1, 1)be such that following admissibility condition holds:

N ¢ )
[ dw=— =1 (3.)
- A
forall A € (—121) . Then the following Calderon’s reproducing identity holds:
1 da 1
£(x) = jl(f*¢a*z//a)(x)— vV f el (-1,1) (3.2)
- a

Proof:  Taking Legendre transform of the right hand side of (3.2), we get
1 da
L[ (F g *p )0 —
a
1, A . da
=J, fd . ()=

QI RADIAGES @3

- 1) [ d @@

=f(1)
Now, by putting al =
1 A R da ¢ - R d
[ 4@y, ()= =[ 4, (@, (@)= (3.4)
a 0]

=1.
Hence the result follows.
Theorem 3.2 Suppose ¢ € L (-1, 1) is real valued and satisfies
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I,ll [éa (aﬂ)]z @ _ (3.5)
a
For f e L' (-1, 1) m L* (-1,1) suppose that
Lo % da
faw= [(F*8,*4.)00— (36)

Then lIf-f,_ ;slll, = 0as & —-land & —-1.
Proof:  Taking Legendre transform of both sides of (3.6) and using Fabini’s theorem, we get

- . . d
L= [ @] 2 37)
By [5], we have

[ % s £, <[ * i), [ 1,
<l (38)

Now using above inequality and Minkowski’senequality [3, page 41],we get

If1=T 0009 [ 0.,

° ! * 4 * 2 da
<[ 6 P

<[Jidrin )], 2 @9
s dt
ALY

Il Iog(;)-

Hence by Parseval formula, we get

lim| f - f \ lim | f -,

4 24 i
tim [* ‘f(z) | [sen] ] .10
o—>-1
=0.

Since < f(/L) therefore by the dominated convergence theorem, the result

f(}t)(l j[gb(a/‘t)] j
follows.

The reproducing identity (3.2) holds in the point wise sense under different set of nice conditions.
Theorem 3.3 Suppose f, f e Ll(—L 1). Letgp e L'(—1,1) be real valued and satisfies

f[(!f( /1)] —=1, 1eR-{0}. (3.11)
Then
||m[ f g *¢)(x)—=f(x)l> (3.12)
Proof: Let o
s da
fa09= (T*h*4) (90— (3.13)

By [3], we have
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|, % £, <[ %[ T,
<|& i 151, (3.14)

[

r da
<[ T Nbmds )00f0x 2

Now

f [ @rar )02

£,0 h

d
< f\(% x g, f)(x)Hl;a (3.15)
s dt
<l f,

o
-l oo 2 )

Therefore, f, ;e L*(—1,1) . Also using Fubini’s, we get theorem and taking Legendre transform of (3.13), we
get

=L 0.0 [ v D 2 o
e a
[T n@ b HRHE @16

5 A A ~, .. da
N RARIAOHOES
2 oan[Pr 2 da
= (], @nr —.
é a
Therefore, by (3.11), ‘ ngﬁ(/i)‘ < ‘ f(ﬂ)‘ :
It follows that ngﬁ € L'(=1,1) By inversion, we have

F0-1,,00=[ 0. DIF (D) - f, (DA xe(-1). @17

Putting
h, () =0, fA -1, (1) ]
- 120,000 1- [ a2 @19
we get
F00-f,,00=[ 0,00 f()- 1, ,()]d2 (3.19)

1
= [ ,h.s (20 du().
Now using (3.11) in (3.18), we get
limh, ;(1:X)=0, 1¢ R-{0}. (3.20)

o—>-1
Since ‘hgﬁ(i: X)‘ < ‘ fA(}L)‘ , the Lebsegue dominated convergence theorem yields
!Lrpi f)—f, () ]=0, vx. (3.21)

5—-1
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