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I INTRODUCTION 

The elliptical restricted three-body problem describes the dynamical system more accurately on account that the 

realistic assumptions of the, motion of the primaries are subjected to move along the elliptical orbit. The 

different aspects of the elliptical restricted three-body problem have been investigated by several  

mathematician. The stability of the triangular points in elliptic restricted problem of three bodies have been 

discussed by Danby [3]. L. Floria [4] has studied an analytical solution in the planar elliptic restricted three body 

problem In (2004). A. Narayan and  C. Ramesh [1,2] have investigated  the stability of triangular equilibrium 

points in elliptical restricted three body problem under the effects of oblateness of the primaries. The effect of 

solar radiation pressure on the Lagrangian points in the elliptical  restricted three body problem has benn 

discussed by  M.K. Ammer [5]. 

 

A. Mavragnais [6-9] and Mohd Arif  [10-11] have studied the motion of a charge particle which is moving in the 

field of two rotating magnetic dipoles in the circular motion around their centre of mass. Being motivated by the 

above discussion in this article we have discussed the motion of a charged particle when the dipoles move on 

elliptic orbits including the effect of the gravitational force of the bigger dipole. The dimensionless variables are 

introduced by using the distance r between dipoles given by 

                                                         

                                                          𝑟 =
𝑎(1−𝑒2)

1+𝑒 𝑐𝑜𝑠𝛾
                                                   (1.1)                                                                              

 

Here 𝑎 and 𝑒 are the semi-major axis and the eccentricity of the elliptical orbit of the either dipole around other 

and 𝛾 is the true anomaly of one of the dipole of mass 𝑚1. We have introduced a coordinate system which 

rotates with the variable angular velocity 𝜔 with 

                                             
𝑑𝜔  

𝑑𝑡∗
=

𝑘 (𝑚1+𝑚2)
1
2

𝑎
3

2  (1−𝑒2)
3
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 (1 + 𝑒 𝑐𝑜𝑠𝛾)2                                (1.2)                           

 

Where 𝑡∗ is the dimensional time and 𝑘 = 𝑘1 + 𝑘2 where 𝑘1 and 𝑘2 are the product of the universal gravitational 

constants with the mass of dipoles. Equation (1.2) follows from the principle of the conservation of the angular 

momentum  

 

II EQUATION OF MOTION 

Two dipoles (the primaries), with magnetic fields move in the elliptical orbits and a charged particle P of charge 

q and mass m moves in the vicinity of these dipoles. The question of the elliptical magnetic-binaries problem is 

to describe the motion of this particle. The equation of motion in the rotating coordinate system including the 

effect of the gravitational force of the bigger primary written as: 

      

   𝜉 ′′ − 𝜂′ ƒ= 𝑈𝜉                                                                                                                                    (2.1)                                                                       

   𝜂′′ + 𝜉 ′ ƒ= 𝑈𝜂                                                                                                                                    (2.2)                                                                          

         Where  
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                                                                                                                                                              (2.3)      

            ζ =
𝑞   𝑎(1−𝑒2) 

𝑚  𝑐 (1+𝑒 𝑐𝑜𝑠𝛾 )
 ,    𝑟1

2= (𝜉 − µ)2+𝜂2,  𝑟2
2 = (𝜉 + 1 − µ)2+ 𝜂2 ,  𝜆 =

𝑀2

𝑀1
  (𝑀1, 𝑀2 are the magnetic 

moments of the primaries which lies perpendicular to the plane of the motion) 

𝑚2 = µ,    𝑚1 = (1 − µ),  𝑐 = velocity of light 

Let us define the averaged potential function of the problem with respect to true anomaly as: 
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1
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,                                                   (2.4) 
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is the modified potential function where e is the eccentricity and 𝑎 is the semi-major axis of the orbit, μ is the 

mass parameter, for numerical calculation we have taken a particular case 𝑞 = 𝑚𝑐. 

 

III INVESTIGATION OF EQUILIBRIUM POINTS 

The equilibrium points of the system are determined by the equation: 

 

                                                  
  𝜕𝑈∗ 

𝜕𝜉
= 0  and  𝑈𝜂 =

   𝜕𝑈∗ 

𝜕𝜂
= 0                                                     (2.5)                    

We group the solution of equation (2.5) into two kinds;  those  𝜂 = 0 the collinear equilibrium points and those 

with 𝜂 ≠ 0 non-collinear equilibrium points.  

We investigate the existence and location of the collinear equilibrium points into the following three intervals.  

   𝐶1 =  𝜉: 𝜉 > 𝜇  ,  𝐶2 =   𝜉: −(𝜇 − 1) < 𝜉 ≤ 𝜇    and   𝐶3 =   𝜉: 𝜉 ≤ −(𝜇 − 1)  . 
If   𝜉 ∈ 𝐶1 the substitution  𝑟1 = 𝜉 − 𝜇 = 𝜏   and    𝑟2 = 𝜉 + 1 − 𝜇 = 𝜏 + 1 in (2.5) we have 11

th
 degree equation   

 𝜏 + 1 5𝜏5 𝜏 + 𝜇  𝑚 − 𝑎
1

2  1 − 𝑒2 [3  𝜏 + 1 5𝜏2  𝜏 + 𝜇 2 +  𝜏 + 1 2𝜏5  𝜏 + 𝜇 2𝜆 − 

− 𝜏 + 1 5𝜏2 𝜏 + 𝜇 −  𝜏 + 1 2𝜏5 𝜏 + 𝜇  𝜆 −  𝜏 + 1 5𝜏3 + 𝜆  𝜏 + 1 3𝜏5] −  𝜏 + 1 5𝜏3 1 − 𝜇  = 0.                                                                                                                                         

                                                                                                                                                    (2.6) 

   If   𝜉 ∈ 𝐶2 the substitution  𝑟1 = 𝜉 − 𝜇 = 1 − 𝜏   and    𝑟2 = 𝜉 + 1 − 𝜇 = 𝜏 in (2.5) again given  11
th

 degree 

equation                                                                                                                             

 1 − 𝜏 5𝜏5 1 − 𝜏 + 𝜇  𝑚 − 𝑎
1

2  1 − 𝑒2 [3 1 − 𝜏 2𝜏5 1 − 𝜏 + 𝜇 +  1 − 𝜏 5𝜏2  1 − 𝜏 + 𝜇 𝜆 −  1 −
𝜏2𝜏51−𝜏+𝜇−1−𝜏5𝜏21−𝜏+𝜇 𝜆−1−𝜏3𝜏5+𝜆 1−𝜏5𝜏3]−1−𝜏3𝜏51−𝜇=0.                                                                                                      
                                  (2.7)           

And when 𝜉 ∈ 𝐶3 the substitution  𝑟1 = 𝜇 − 𝜉 = 1 + 𝜏   and   𝑟2 = − (𝜉 + 1 − 𝜇) = 𝜏 in (2.5) we have again  

11
th

 degree equation   

 1 + 𝜏 5𝜏5 −1 − 𝜏 + 𝜇  𝑚 − 𝑎
1

2   1 − 𝑒2 [3  1 + 𝜏 2𝜏5 −1 − 𝜏 + 𝜇 +  1 + 𝜏 5𝜏2  −1 − 𝜏 + 𝜇 𝜆 −
 1 + 𝜏 2𝜏5 −1 − 𝜏 + 𝜇 −  1 + 𝜏 5𝜏2 −1 − 𝜏 + 𝜇  𝜆 −  1 + 𝜏 3𝜏5 + 𝜆  1 + 𝜏 5𝜏3] − 1 + 𝜏 3𝜏5 1 − 𝜇 = 0 

.                                                                                                                                      (2.8)    

To find the location of the collinear-equilibrium points we solve the equations (2.6), (2.7) and (2.8) numerically  

by using Mathmatica-11 and we have observed that the each equation have one real root for various values of 

mass parameter 𝜇 and eccentricity 𝑒 and these roots are denoted by 𝐿1 , 𝐿2 and 𝐿3 respectively. The variation in 

the values of 𝐿𝑖  (𝑖 = 1,2,3) for various values of 𝜇 and 𝑒 are shown in the figures (1) and (2) respectively and 

these figures shows that the collinear-equilibrium points 𝐿𝑖  (𝑖 = 1,2,3) moves away from the centre of mass as 

𝜇 and 𝑒 increases. 
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Fig(1)                                                                             Fig(2) 

  

The non-collinear equilibrium points denoted by 𝐿4 and 𝐿5 are the solution of the equation (2.5) when 𝜂 ≠ 0. In 

table (4) and (5) we give the position of the points 𝐿4 and 𝐿5 for various values of  µ  and 𝑒 respectivaly. We 

observed that both  𝐿4 and 𝐿5 shifted towards the centre of mass as 𝜇 increases and moves away as 𝑒 increases.  

 

IV STABILITY OF EQUILIBRIUM POINTS 

Let (𝜉0 , 𝜂0) be the coordinate of any one of the equilibrium point and let 𝛼, 𝛽 denote small displacement from 

the equilibrium point. Therefore we have 

𝛼 = 𝜉 − 𝜉0 , 

𝛽 = 𝜂 − 𝜂0, 

Put this value of 𝜉 and 𝜂 in equation (2.1) and (2.2), we have the variation equation as: 

𝛼 ′′ − 𝛽′ 𝑓0= 𝛼 𝑈∗
𝜉𝜉  

0
+ 𝛽 𝑈∗

𝜉𝜂  
0
                                                                                                                    (3.1)                                                                                                                    

𝛽′′  + 𝛼 ′𝑓0= 𝛼 𝑈∗
𝜉𝜂  

0
+ 𝛽  𝑈∗

𝜂𝜂  
0
                                                                                                                   (3.2) 

Retaining only linear terms in 𝛼  and 𝛽. Here superscript indicates that these partial derivative of 𝑈∗  are to be 

evaluated at the equilibrium point (𝜉0 , 𝜂0) . So the characteristic equation at the equilibrium points is 

𝜆1
4 + 𝜆1

2  𝑓0
2 −  𝑈∗

𝜉𝜉  
0
−  𝑈∗

𝜉𝜉  
0
 +  𝑈∗

𝜉𝜉  
0

  𝑈∗
𝜂𝜂  

0
−  𝑈∗

𝜉𝜂  
02

= 0                                        (3.3)                    

The equilibrium point (𝜉0 , 𝜂0) is said to be stable if all the four roots of equation (3.3) are either negative real 

numbers or pure imaginary.  

From tables 1, 2, 3, 4 and 5 it is clear that all the equilibrium point in these tables are unstable . 

 

Table (1)                                                                    
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Table (2) 

 
 

Table (3) 
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Table (4) 
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Table (5) 

 
 

V.  CONCLUSION 

In this article we have seen that there exist five equilibrium points, three collinear and two non-collinear. We 

observed that the collinear-equilibrium points 𝐿𝑖  (𝑖 = 1,2,3) moves away from the centre of mass as both  𝜇 and 

𝑒 increases. We also observed that the points 𝐿4 and 𝐿5 shifted towards the centre of mass as 𝜇 increases and 

moves away as 𝑒 increases. We have observed that all points given in tables 1,2,3 4 and 5 are unstable. 

 

 

REFERENCES 

[1]. A. Narayan, C. Ramesh, Effects of photogravitational and oblateness on the triangular lagrangian  points 

in the elliptical restricted three body problem, Int. J. Pure and Appl. Math., 68 (2011), 201- 224. 

[2]. A. Narayan, C. Ramesh, Stability of triangular equilibrium points in elliptical restricted three body 

problem under effects of oblateness primaries, Int. J. Pure and Appl. Math., 70 (2011), 735-754. 

[3]. J.M.A. Danby, Stability of the triangular points in elliptic restricted problem of three bodies, The          

Astronomical Journal, 69 (1964), 165-172. 

[4]. L. Floria, On an analytical solution in the planar elliptic restricted three body problem, 

,Monografsem. Mat. Garacia de Galdeano, 31 (2004), 135-144. 

[5]. M.K. Ammer, The effect of solar radiation pressure on the Lagrangian points in the elliptical  restricted 

three            body problem, Astrophysics and Space Science, 313 (2008), 393-408. 

[6]. Mavraganis A (1978).  Motion of a charged particle in the region of a magnetic-binary system. Astroph. 

and spa. Sci.  54, pp. 305-313. 

[7]. Mavraganis A (1978).  The areas of the motion in the planar magnetic-binary problem. Astroph.  and spa. 

Sci.            57, pp. 3-7. 

[8]. Mavraganis A (1979). Stationary solutions and their stability in the magnetic -binary problem  when the 

primaries are oblate spheroids. Astron Astrophys. 80, pp. 130-133.   

[9]. Mavraganis A and Pangalos. C. A. (1983) Parametric variations of the magnetic -binary problem          

Indian J. pure appl, Math. 14(3),  pp. 297- 306. 



Equilibrium Points In The Elliptical Magnetic Binary Problem 

www.ijceronline.com                                                  Open Access Journal                                                 Page 49 

[10]. Arif. Mohd.  (2010). Motion of a charged particle when the primaries are oblate spheroids  international 

journal of applied math and Mechanics. 6(4), pp.94-106. 

[11]. Arif. Mohd.  (2013). Motion around the equilibrium points in the planar magnetic binaries  problem 

 international journal of applied math and Mechanics. 9(20), pp.98-107. 

 

 

Mohd. Arif " Equilibrium Points In The Elliptical Magnetic Binary Problem” International 

Journal of Computational Engineering Research (IJCER), vol. 08, no. 02, 2018, pp. 43-49. 


