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f ABSTRACT \

In this paper, methods involving derivatives and the Mellin transformation are employed in obtaining finite

summations for the H -function of two variables and certain special partial derivatives for the H -function
of two variables with respect to parameters.
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l. INTRODUCTION
The H -function of two variables defined and represented by Singh and Mandia [12] in the following manner:

T Trx oM My N,iMg N, |—x (al'aJ;Al)1",1'(':]'VJ;KJ)lvnz'(CJ’yl)nz*lvpz’(eI‘EJ;RJ)lvng'(eJ‘EI)na*lvpa —|
H [X, y] =H [y} =H p.0,:0,.9,:p,.9 Ly (bj,ﬂj:Bj)lvql,(dj,éi)l‘mz,(dl,b‘j;LJ)mzﬂ‘qz,(fj,Fj)l‘M,(fj,Fj;Sj)myma
1
== [ [0 (6m)0.()a,(m)x"y ddn (L1)
7 L L,
Where
[IT(l-a,+a,é+An)
b (&) =— — - (1.2)
[T r(a,-aé-An)[]r(1-b+p¢5+8Bm)
j:n1+1 j=1
e ore)) TIr(o,-6¢)
b, ()= —— — : (1.3)
Il F(c].—ng) Il {r(l_dj+51‘§)} J
j:n2+1 j:m2+1
H [r(1-e;+En) H r(f,-Fn)
by (n)=—— — . (1.4)
IT r(e;-Em) 1 {F(l_ f+ Fi”)} J
j=ng+1 j=mg+l
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Where x and y are not equal to zero (real or complex), and an empty product is interpreted as unity

p;»4;,n,,m,are non-negative integers such that 0 < n, < p,,0 < m,<q,(i=123;j=2,3) . All the

a,(j=142,...,p,),0,(j=12,....,9,),¢;(J=1,2,...,p,),d (] =1,2,....q,),

e, (i=12,..,p,) f,(i=12,.,q,)are complex

parameters.y , > 0(j=1,2,...,p,),6,20(j=1,2,..40,) (not all zero simultaneously), similarly
E,20(j=1,2,..,p,),F,20(j=12,..,0q,) (not all zero simultaneously). The exponents

K, (i=12,..,n),L,(j=m,+1,..0,),R,(i=12,...,n,),8,(j=m,+1,...4q;) can take on non-
negative values.

The contour L, isin ¢ -plane and runs from —iw to +i . Thepolesof I' (d, -5 ,¢)(j=1,2,...m,) lieto

KI
the right and the poles of T {(1— c,+ ng)} (i=12,...n,),T(l-a,+a,é+An)(j=12,.,n)t0
the left of the contour. For K (i=12,.., n,) not an integer, the poles of gamma functions of the numerator
in (1.3) are converted to the branch points.

The contour L, is in 7 -plane and runs from —ieo to +ic . Thepolesof I' (f, - F ) (j=1,2,...m,) lieto

RI
the right and the poles of T {(1— e, + Ejn)} (i=12,...,n) T (l-a,+a &+ An)(j=12,.n)to

the left of the contour. For R, (j =1,2,...,n,) notan integer, the poles of gamma functions of the numerator in

(1.4) are converted to the branch points.

The functions defined in (1.1) is an analytic function of x and vy , if

Py P, a q,

U= a,+37 -3 8,-36 <0 (L5)
j=1 j=1 j=1 j=1
Py P3 ay a3

V- A+YE-YB-FF<0 (16)
j=1 j=1 j=1 j=1

The integral in (1.1) converges under the following set of conditions:

Q:ia Za+26725L+ZyK Zy72ﬂ>0 1.7

j=n+1 j=m,+1 j=n,+1

AZA—ZA+ZF—ZFS+ZER ZE ZB>O (1.8)

j=n+1 j=m,+1 j=n,+1
1 1
arg X |<K —Qrx, |argyl<k —Arx .
| | 5 Qr, | | 5 A (1.9)

The behavior of the H -function of two variables for small values of | z | follows as:
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Hix, yl=0(x[[yl"),max{|x||yl} - 0
Where

a = min }—Re(d—j\—{ B = min l—Re( :
anfr3] -zl

J
For large value of | z |,
HIx, y1=0{x|",ly "}, min{Ix||yl} >0

Where

Providedthat U < 0andV < 0.

If we

(1.10)

(1.11)

(1.12)

J (1.13)

takeKJ. =1(j=12,.,n,),L,=1(j=m,+1,..,9,),R; =1(j=1,2,..,n,),S, =1(j = m,+1,...,q,)i

n (2.1), the H -function of two variables reduces to H -function of two variables due to [9].

Ifweset n, = p, =q, =0,the H -function of two variables breaks up into a product of two H -function of

one variable namely

Fovmmz-”z:ms-”s |— X 77:(01'7J;KJ)1VHZ’(CJ'71)
0,0:p,.0,:P;.q
i 3| o

n+l,pp
(dj.65iL5)
1,my my+1,0y

—|—m3.n3 |—

R T

—

—H T (CJ"VJ'?KJ)M2~(°1'VJ)
2 ZL

(d;.95)

np+1l,py
(dj.05L)

1.my my+1,ay

If A > 0, we then obtain

—0,n;: m,,n,img,ny |—x

2
A°H pl,qlzpz,qz:py%L

(al Aa ;AJ)LH’(CJ Ay K )“2 '(cl "171)

A
v’ (bj”lﬂj551)1_%'(‘11"’“‘51')1 (dj.2855L)

0,02 my.n,img.ng |—x ("’\J’D’I;AJ)1 (eg755K,)

=H n 1v,,2’(°1’71)
- PuofuPa GarPa s Ly (bj.5,:By) (dj’aj)lm (d5.555L)
my

ny+1,py

1.0 my+l.ay

——0,ny: m,,n,imgy,n,

H Py.G3iP; .Gyt Pg.ly L

n2+1.p2

NN
=
>
=

my+l.ap

—0,n;: m,,n,img Ny |—x '(1’d1"$1;|‘1)

=H Py GiPy Oyt Pyl L y

(1-cj7; ?Kj)l.nz (1-cj75)

:(eJ’EJ;RJ)LnS'(eJ’E

:(fj,Fj)lvms,(fJ,F i

(eJ’EJ;RJ)

1mg

ny+l,py

my my+1.0y

’(eJ'EJ;RJ)

(f5:F)

(e
(f:F))

1,my my+1,0y

np+L.py

J) —|

n3+l,p3

i)

ma+1.a3

E
= (1.14)

’(fJ'FJ';SI)

1.n3

m3+1.a3

]

(e AE iR )M3 (e 2E; )"3“,,,3

(f) 'le)l‘ms’( fj.AF; 351),”3*1‘“3

oD ]
[(1.,;.;5 )3 s (1.15)

1.m3 mg+1,q3

]

’EJ:RJ) ‘(eJ'EJ)nzqvpa

(f50Fi8y)

1.n3

1,m3 m3+1,q3

(1= 150F, )1,m3 (1= 150F, ;SJ)'"3+1‘Q:4

'(1’31'EﬁRj)mﬁ'(l’ei'Ei)

(1.16)

n3+l.pg
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Il. MAIN RESULTS
If t be an arbitrary parameter and « ', « " be positive real numbers, then it can be verified that

—o,n1+1: m, . n,:m,,n,

D " {H_[thal’ Zzta”:| = t973 H Pi+1.0,41:p, 8,5 P,.0,

2.1
|— 2t (1-e+nia "C‘")'(aJ'O‘I;A‘J)“,l'(ci'VJ;KJ')MZ’(CJ"yj)"rLpz '(eJ’EJ;RJ)Lns’(eJ'Ej)nyl‘pa —l ( )
Lzztfl (blﬁj?Bi)ml'(l’e?”‘'*"‘")'(dj""i)mz'(d1*515'-1),”2}1‘“2*(fj*':j)l‘ma'(fj":j?sj)mw‘qa
And
te—lH_o'O:mz-”zzms-”s |— 2t 77:(01’VJ;KJ)1‘"2'(cl'yl)Ml‘pz:(eJ'EJ:RJ)l‘n3’<eJ'El)nzqvpa —| _
0,0:p,.q,:p5.0 a* -
e Lzz‘ o ST E DA GRS D RN GV RLID A G RO A
(e-1) (e-1)
tTH_mz'"z |— tal (CJ"71';Kj)lvnz'(crh)nz*l‘pz —| tTH_msvna |— ta" (eJ’EJ;RJ)L"S’(el'IEJ),13+“]3 —| 29
P | 2y d,. d4,.8,:L X Pota | 2o f,.F f,.F,:s (22)
OEARCE I (P P
Differentiating (2.2) two times w.r.t. t and simplifying, it follows by induction that
Fo,l:mz,nz:mg,n3 |— 2t (1-e+nia’a ")Z(Ci'VJ;Kj)l.nz'(cj'yi)ml‘pz:(ei'EJ';RJ')l,nS'(ej’Ei)n3+1‘p3 —|
1.1:p,.0,:p3.9 an L. N . . .
2:42-P3.03 Lzzt (1-e;a'\a ).(dj,oj)lvmz,(dj,(Si,Lj)mzﬂqu.(fj,Fj)l‘mz,(fj,Fj,Si)ma*lqu
" n! —0,0:m,,n, +1imy,n, +1
= z H 0,0:p,+1,0,+1:py+1,q5+1
ny o, =0 ”1'”2!
n+n,=n (2 3)
. .
}—tha - L1+"1’70‘ lJ(Cl 7 J)ln (¢ 71’),Hl P2 (1+n277a 1J(el Ej RJ)1n3 (91 El),,yl‘p3 |
te ( e+l ) ([ e+l 3\
LZZ —=(dg8y) (59 LJ)"‘2+1‘12’L17 , e 1J(fl Fi) , (f, F];sj)mam13 Ll—? J J
(2.3)readily admits an extension and we have
! nl  —on;:m,n,+1 myn,+1
= z H pl,ql:pz+1,qz+1;p2+1,q2+1
W, n,tn,!
n+n,=n (2 4)
) e vy .
I—tha (aJ'aI'AJ)l L“"FT“ 1J(C1 7 KJ)H (c; J)"z*l‘Pz’L Np=— @ '1J'(eI'EJ'Ri) (e; l)nsﬂ‘pa |
« ( e+l ([ e+l \
LZZt (hl '31 Bl) N (dJ l)l‘mz (dl 61 Ll)mz}l‘q2 Llii’a ;lJ’(fi'FJ’)i ’(fj'Fj;Sl),..au,ugy 17?‘1 J J

Considering various other forms that (2.1)admits, similar other results can be obtained.

In the next place, in view of (2.1) we note that the 2-dimensional Mellin-transformation ([6],11.2) M ~of the

H -function of two variables is given by

M "(H) = Q(~&.-7)

Provided
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We also note that, since (1.7 (30) of Erdelyi [7]) for a positive integer N ,

N _1k—lN! l—“
y(asN)-y(a) =Y @ @y
Z k(N —K)!y (a+ k) r(a)

Partial differentiation of the gamma product T [1 - E+ a'é+a'n J r {1 + i+ a'é+a "77} w.r.t. the
2 2

arbitrary parameter e at e = N can be expressed as a finite sum

i{[r{l—i+a'§+a"77}1"(1+3+a'§+a"77\}
oe | 2 2 o
(. N )
14 — . "
L/ \ | " \N(_l)k—l . FL+2+a E+a UJ
zzrkl—?+a E+a UJzk ,
k-1 (N—k)!r( N

1+f—k+a'§+a"n\
2 )
Where « ', « " are positive real numbers.

Thus for n > 0, N > 0, we have

0N 421 My nyimg,n, )
n 1
M {H Py +2,05:P, 055 P,y ,0, |: 2,

S e (T WU BTN G o (U U l
(b8 J)lvql( i J)lm (4.5, J)mpl‘az (1’%" 1}(‘ F) (fi'Fi;S')mglqg {1 ez;l'a 1] Je:NJ
1+ ——a'é -« '77\1" 1-—-a'é-a'"n
Ay & e (7 )\ )
2 ZK(N —k)! (
1+ ——k-a'é-a'n
" )
xQ (=&, ~m)
Nl N (- 1) —o.n 43t myn;mgn, oo
_Z —FF— H P +3,0;+1:p, 0,5 P,.0, |:212

Butfor z” = u " ,i=1,2,(25) can be written as
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1
H p,2.0,:0,.0,:0, .9,

a {—o,n1+2: m,,n,img,n, |:z

z

oe ’
(Baa [ Saah(ayayin) oo iky) (o) (e Ry (e Ey) ]
L 2" JLZ v J Py T T ! i ngtip T g U g g |
(bJ'ﬂl;Bl)ml'(d1")-J)Lmz'(dj"sl;l‘J),ﬂzﬂw‘("J":J)Lms‘(fJ'Fl;SJ)ma*m3 J
eon )
N
N ! ZN: (-1)"u?
2 Z k(N —K)!
[ N
N —ok o +2: mynpimyn,

2 1
Du {u H p+2.0:0,.0,:0,.0, |:Zz

i (2.6)
P (e EiRy) L (e50Ey)

np+1.p; n3 ng+1.pg

—
m‘z
]

\
J J;Ai)iypl”(ci’yl;K1)1‘,‘2'(%'}/1)

,(dj,o‘]:Lj)

|

Y
i |
() 15 ) ]

(b.,ﬂ,»,e,.)lql (90,

If we express the derivative into a sum, carry out the differentiations, interchange the order of summation and
simplify, we obtain

—0,n1+2: m,,n,img,n, ;

PR 1
{ H o v2.0,0,.0,i0,.0, [ Z,

ny+1,py

(e (e o) . . )
PR PR J'(aj'aj’AJ‘)lvpl”(CJ’yj'KJ‘)lvnz'(cl"yl) (e EyiRy) (eEy) p31| l

(bl’ﬂJ;BI)1‘q1'(dl'51)1‘"‘2'(dl'b‘l;LJ)mz‘lyqz‘(fJ'FJ)l‘ma‘(fJ’FJ;SJ)ma‘an J J
e=N
NNt (-1 ——o0.n,+2: m,.n,im,.n,
= _z —H Py +2,0;:P,.0,:P,.0,
2 Ty p!(N - p)!
(N (N . .
|:Z1 L’?"” il JL2+pa J‘(a ajiA )vpl”(cl‘}/J'Kl)lnz'(cl'yl)nzﬂpz'(el'EJ‘RJ)lns'(el'El)"3“';]3—}l (2 7)
22| (by By J)ml (dl'dj)l_mz (d; 51;L1)m2+1‘q2 ’(fl'Fl)l‘ma'(fl’Fl;Sl)maﬂ‘% J

Similar other results can be obtained by considering products or quotients of such gamma functions whose
partial derivatives w.r.t. the arbitrary parameter involved can be expressed as a finite sum.

For example, for the quotient

rd-e-N+a'$+a"n)

rl-e+a'é+a"n)

We have
O —o.n+L m,,n,my.n, )
5 {H Py +1,0;+1:p, .0, P, 0, [212
e
o) . .
(e+Nia'a )’L;’a @ )’(al'ai’AJ)LDI"(CJ"}/J"KJ)1‘nz’(cl’yj)n2»l‘uz (e08; RJ)l,n3 (ej’Ei)nad‘Dg —Il
(bJ’Bl;Bl)l‘ql’(e;a “a")‘(dl’lyl)l‘mz’(dl'dj:Ll)mzﬂ‘qz'(fl’Fl)l‘ms'(fl’Fl;SJ)msﬂqu JJ
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N (—l)k_l —o,n, +1: m,,n,:my,n,
=N 'Z —H p,+1,0,+1:p,,4,:P,.0,
ko P (N —k)!
|(erNean (aga i) (e Ky, (egry) (e BER), (e By) 1 2.8)
|:22 (bJ”BI;BJ)l ’(EJ’k;"’v'a")'(d1’51)1‘,“2’(dJ'51”‘1),“2*1‘“2’(fJ":J)Lma’(fJ’Fl;S’J)ma*l‘qa JF '
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