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ABSTRACT
In this paper we discuss several properties of fuzzy filters are given in lattice implication
algebra, the new equivalent conditions for fuzzy filters are also discuss in lattice implication algebra.
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l. INTRODUCTION

The concept of fuzzy set was introduced by zadeh[6]. Since then this concept has been Applied to
other algebaric structure such as group, semigroup, ring, modules, vector space and topologies. With the
development of fuzzy set, it is widely used in many fields. In order to research the logical system whose
propositional value was given in a lattice , Xu. proposed the concept of lattice implication algebra and discussed
their properties in [1]. Xu and Qin introduced the concept of filters and implicative filters in lattice implication
algebra and investigate their properties in[2]. In [3] Xu. applied the concept of fuzzy sets to lattice implication
algebra and proposed the notions of fuzzy filters and fuzzy implicative filters. In [7] [8] the notions of
implicative filters, positive implicative and associative filters were studied. In[9][10] fuzzy filters, fuzzy positive
implication and fuzzy associative filters were presented. In [11] Qin and Liu introduced a new class of filters
known as v-Filters and they generated relation between v-filters and filters. Filter theory play an important role
in studying the structure of algebra. In this paper we discuss several equivalent conditions for fuzzy filters are
proved in lattice implication algebra. At the same time we discuss the relations of fuzzy filters and fuzzy
implicative filters.

1. PRELIMANARIES
Definition 2.1. [5] A binary operator

10, 1] x [0, 1] — [0, 1]

is said to be an implication function or an implication if it satisfies;
1) I(x, y) > I(y, z) when x <y, Vz € [0, 1].

i) I(x, y) < I(x, z) when y < z, ¥X € [0, 1].

iii) 1(0, 0) = 1(1, 1) = 1(0, 1) and 1(0, 1) = O etc.

Definition 2.2. [1] Let (L, Vv, A, O, I)be a bounded lattice with an order-reversing involution ', T and O the
greatest and smallest element of L respectively, and

—: L x L — L be amapping. (L, V, A, , O, 1)) is called a quasi-lattice implication algebra if the following
conditions hold for any x,y,z € L

A x—=>F—2=y—=x—2);

R2)Yyx—-x=1L

B)x—-y=y—x

(I4)x > y=y—ox=limpliesx=y

I5)x—y) »y=(Fy—x)—x

Definition 2.3. [1] A quasi-lattice implication algebra is called a lattice implication al-
gebra, if (11 ) and (12) hold forany x, y, Z € L

(1) (xvy) —»z=(x—>2) Ay —2);

(12) (xAy) > z=(x—>2)V(y—2)
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Theorem 2.1. [1] Let L be a quasi-lattice implication algebra, then for any x, y, x € L
I.IfT->x=1,thenx =1

2.]->x=xandx > O=x;

3.0-x=landx—>1=1

4 x=y) =2 (=2 > Ex—2)=1

Theorem 2.2. [1] Let L be a lattice implication algebra, then for any x, y € L, x <y if
and onlyifx - y=1

Theorem 2.3. [1] Let L be a lattice implication algebra, then forany x,y,z €L, x <y,
Lx—2)—>(—=2)=y—=(xV2)=(z—X) = (=X
2.2=x) =222y =ExAzZ) 2 y=x—2) > EK—>Y)

Theorem 2.4. [1] Let L be a lattice implication algebra, then for any x, y, z € L,
lLz=(y—=x2(@E—>y) = Z—x);
2.z < y—xifandonlyify<z — x.

Theorem 2.5. [1] Let L be lattice implication algebra then the following statements are
equivalent;
1. Foranyx,y,zeL,x—>(y—2z2)=(xXAy) >z
2.ForanyX,YyEL,x > (X—y)=Xx—>Y;
3.Foranyx,y,z €L,
(x—(y—=2) = (x> y) = (x> 2) =1
In lattice implication algebra L, we define binary operations @ and & as follows: for any
X, YEL;
XQy=x—y");
XBy=x—-oy;

Theorem 2.6. [1] Let L be a lattice implication algebra, then forany x, y, z € L,
IXQYy=y®x,x@®y=y®x

2x->xQY)=xVy=(x®y) —y;

3.x—>y) @X=XAY,

4x>(—2)=xQy) —z

5.x > (y—z)ifandonlyif x Q y < z;

Definition 2.4. [2] A non-empty subset F of lattice implication algebra L is called a filter
of L if it satisfies

(FL)lIeF

(F2) (VXEF)VWWEeL)\x—>yEF=>YEF)

Definition 2.5. [3] A fuzzy set A of lattice implication algebra L is called a fuzzy filter
of L if it satisfies

(F3) (vx e L)Y(A(D) = A(x))

(F4) (vx, y € L)(A(y) = min{A(x), A(X = y)})

Definition 2.6. [3] Let L be a lattice implication algebra. A is a non-empty fuzzy set of
L. A is called a fuzzy implicative filter of L if it satisfies:

(F5) A() > A(x) for any x € L;

(F6) Ax — z) >min{A(x — y), AX— (y—2z))} foranyx,y,z€ L

Theorem 2.7. [3] Let L be a lattice implication algebra and A a fuzzy filter of L, then
forany x, y € L, x <y implies A(x) < A(y)

I11. PROPERTIES OF FUZZY FILTERS
Theorem 3.1. [9] Let A be a fuzzy set of L. Ais a fuzzy filter of L if and only if it
satisfies the following conditions; for any x, y, z € L
1. Ax) < A(D);
2. Ax — z) 2min{A(x - y), A(Yy — 2)}.
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Theorem 3.2. [9] Let A be a fuzzy set of L. A is a fuzzy filter of L if and only if it
satisfies the following conditions; for any x,y,z € L

1. A(x) < A(D);

2. A(z) 2 min{A(x), A(y), A(x — (y — 2))}.

Theorem 3.3. [9] Let A be a fuzzy set of L. A is a fuzzy filter of L if and only if it
satisfies the following conditions; for any x, y,z € L

1. Ax) < A(D;

2. A(z — x) >min{A((z — y) — x), A(y)}.

Theorem 3.4. [9] Let L be a lattice implication algebra and A be a fuzzy set of L, if A
is a fuzzy implicative filter, the following statements are satisfied and equivalent:

1. A is a fuzzy filter for any x, y € L,

A —y)ZAEX— (X —Y));

2. A'is a fuzzy filter and for any x, y, z € L,

A(x—=y) = (x=2) 2 AKX — (y—2)

3. Ax) <A(l) and for any x, y, z€ L

A(x —y) > min{A@z — (x — (x = ), A®@)}

Theorem 3.5. [9] Let A be a fuzzy filter of L if x <y — zfor any X, y, z € L then
A(z) 2 min{A(x), A(y)}
Corollary 3.1. [9] Let A be a fuzzy filter of L. If (x ® y) » z=1for anyx,y, z € L,
then

A(z) 2 min {A(x), A(y)}.

Theorem 3.6. [9] Let A be a fuzzy set of L. A is a fuzzy filter of L iff it satisfies the
following conditions: for any x, y € L.

1. Ifx <y, then A(x) < A(y);
2. AX ® y) > min{A(x), A(y)}

IV.SOME OTHER PROPERTIES OF FUZZY FILTERS
Theorem 4.1. Let A be a fuzzy set of L. A is a fuzzy filter of L iff it satisfies the following
conditions, forany x,y, z€ L
1. Ax) < A(D);
2. A(y — (x V z)) >min{A(x — z), A(x — z) > Y))}
Proof: Assume that A is a fuzzy filter of L. then (1) is trivial and for any x,y, z € L
(y — (X V 2)) > min{A(x — 2), Ax — 2) — y)}
by theorem 2.2 it can suffices to prove that
x—=>xV2)—=(x—=2 -y =1
for this
=(y—-(xV2)-=>(x—2)—y)
=((z=x)=>F—=x)=>((x—=x) =Yy
=(z—y) = @z—-y)=lifx=1I
then (y — (xV z)) 2 (x = z) —y)
Then form theorem 2.6 hence
A(y — (X V z)) > min{A(x — z), A((x — z) — y)} conversely by (1) and (2) it fol-
lows that A(x) < A(I) and for any x € L
By (2) it follows that for any X, y, z € L if we take x = | then
A(y) 2 min(A(z), A(z —y))
Hence A is a fuzzy filter of L.

Theorem 4.2. Let A be a fuzzy set of L. A is a fuzzy filter of L iff it satisfies the following
conditions forany x, y, z € L

1. A(y) <A(D)

2. A(y — z) 2 min{A(x), A(y), A(x — (y — 2))}

Proof: Assume that A is a fuzzy filter of L, then (1) is trivial and for any x,y, z € L

Ay — z) 2 min{A(x), A(y), A(x — (y — 2))}

By theorem 2.2 it can suffices to prove that
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(x=>@F—=2)—=>F—2)=1

For this we have

=(x=>@—2)—>G—2)

=(x—>z)—ozify=1

=(x—(z—2)

=x—-D=I

Then (x = (y > 2)=(y—2)

Then form theorem 2.6 hence

A(x—=>(y—=2)<Aly—2)

It follows that

Ay = 2) 2 min{A(x), A(y), A(x — (y = 2)}

conversely by (1) and (2) it follows that A(x) < A(I) and for any x € L
By (2) it follows that for any X, y, z € L if we take y = | then
A(z) 2 {A(x), A(x — 2))}

Hence A is a fuzzy filter of L.

Theorem 4.3. Let A is a fuzzy filter of L, if x <y for any X, y € L then
1. Ax) <A())
2. A(x V y) > min{A(x), Ax @ y)}
Proof:Suppose that A is a fuzzy filter of L then (1) is trivial any for any x,y € L
A(X V'y) > min{ARx), AGx © y)}
for this we have to show that
(x—x®y) - xVvy)=1
By theorem 2.2 . Hence
=(x®y) - (x— (xVY)
= (XD y) = ((y = X) = (x = X))
By theorem 2.3, and
=x®y) — (y—x)—1)
Fx@y) - y—Ex—-D)
=x®y—-G—D
By theorem 2.1 and
= (X @ y) — I by theorem 2.5 and
= (x — y) — [ because x <y hence
x—>XDy)—>xvy) =1
this implies that
(X @ y) < (x — (x V'y)) Then by theorem 2.2 we get
AKX D y) < Ax— (x V)
A(x — (xVy))>min{A(x @ y)} by theorem 2.7
Hence
A(X Vy) > min{A(x), Ax @ y)}.
V. CONCLUSION
In this paper we define some other equivalent conditions for fuzzy filters in lattice implication algebra.The

relation between fuzzy filters and fuzzy implicative filters are also defined, and we also prove that fuzzy
implicative filters are fuzzy filters in lattice implication algebra.
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