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( ABSTRACT \

This paper is concerned with the numerical solution of neutral functional differential equations (NFDES).
Based on the ultraspherical v -stage continuous implicit Runge-Kutta method is proposed. The

description and outlines algorithm of the method are introduced. Numerical results are included to
confirm the efficiency and accuracy of the method.
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I.  INTRODUCTION

We are interested in the numerical solution of initial-value problem for neutral functional differential equations
(NFDEs), which take the form:

y'(®)=*1(ty().y () t, <
y () =g (1) a =
(1)

ty »
t

— —~+
IA

IA

where g (t ) € Cl[a . to] and the function T (t,Y(.), Y (.)) satisfies the following

conditions:-

H,: For any Y € Cl[tos ty] the mapping t—f (t1 y ()’ y, ()) is continuous on
[t t] .

Hz: There exist constants L1 >0 | 0< L2 <1 such that
Tty (),2.(0)) =T (t,y,(),2,0)) = A
A=L Hyl — Y HCl[a,tN] + L, Hzl — % HCo[a,tN]

for any te[tO’tN] , Y1 Yo € o [, ty]ana 2, . Z,€ Cc’ [a,ty].

Under the conditions H, and H, the problem (1) has a unique solution y(x) [1]. The equations of
type (1) have applications in many fields such as control theory, oscillation theory, electrodynamics,
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biomathematics, and medical science. Numerical methods for the problem (1) were discussed extensively by many
authors; see [2-26].

This paper is concerned with the numerical solution of neutral functional differential equations (NFDES). Based on
the ultraspherical v -stage continuous implicit Runge-Kutta method is proposed. In section 2, we will adapt a finite

Ultraspherical expansion to approximate I f (S) ds and f (.) onthe interval |i ,1=01)N -1, Also,
t;

an easily implemented numerical method for NFDEs will be derived. Finally, in section 3 we present some

numerical examples; which show that the presented method provides a noticeable improvement in the efficiency

over some previously suggested methods.

. THE NUMERICAL METHOD
2. 1 The Description of the method

et A=( <t <---< tN) define a partition for [ i, tN] , with the step size
hi =t —t

Each subinterval Ii = [ ti ) ti+1] is divided by the Chebyshev collocation points:

1 ir.
=tehg £ =0 (1—c0317”) Cj=0@)v
2

This method is based on a finite Ultraspherical expansion in each subinterval | i =0 (1) N —1. Consider the

approximation f~(t) of f(t) for t= ti +0 hi ' 0<60<1 ' I = 0(1) N-1 as follows:

o =Ya c |28 1] te ot

r=0 i
®)
where
a Z "t t)| sin (—) c[“] _cos(\ %)
r ﬂ[a] il r Vv
h |
2 1%
(4)
Here CEa](X) is the r-th Ultraspherical polynomial. As especial cases, at &X = Ogive Chebyshev
Polynomials of the first kind Cr[o](x) = Tr(X), at X = give Legendre Polynomials

2
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1
[] 1
Cr2 (X) = Pr(X) ,at & =1 give Chebyshev Polynomials of the second kind CP](X) = 1+r1 Rr (X)

A summation symbol with double prims denotes a sum with the first and last terms halved.

Now, we can easily show that the following relations are true:

Ci1(20-1) +1 if r=0
I (2a+D) o109 1) 1 f 1
1 ()= |Cll(s)ds=" 2T rgle —1) — i r—
(0) jlr() a(ary [C(20-D -1]
1 20+r @1_;®2) it r>2
2(a+r)  r+1 2a+r-1
(5)

where CI)1 = C[a](ze_l)_l_(_l)r ] ch ZCEfl](Ze—l)ﬁL(—l)r

r+1

t+0h
Using (3), (4) and (5) the indefinite integral f(S) dS takesthe form
5
t+6h  _ h v _
[ f(s)yds==>" blo) f(t,)
t 2 r=0
(6)
where
| 2 |
b [Sin [ﬂﬂ .1 cl [— cos[”D
bl (9 — v Y2 1=o0@
O s, v & A D

()

and 5|V is the Kronecker delta.
From the relations (2), (6) and (7) , we obtained the following results:

tij _ h

j f(s)ds| =— Bl F,
t; 2

(8)
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i_m i

ij ~ i-1 v ~ v ~
j f(s,t)yds=) n bled f (t,t )+hi bl f(tt,), j=0@)v

where

Bl :[b['a] i bEsa] :bs[a] (Cj)’ |:i — [ f (tio)”‘°1 f (tiv)]T

Is j,s=0"1?
g K :diag[(cj _Co)k_la”',(cj _Cv)k_l].

We notice that the matrix B of El-Gendi's method [27], is the same matrix

B[a] = [2 bESO] ] ‘;,s:o . On the interval (ti ,ti+1] , rewriting (1) in the form:

~ ~ t

YO =) [ 2 ds, 2=t y().2()

t.

1
(11)
Suppose the approximations of Y(t) and Z(t) are given for tSti .On (ti ,ti+1] , we define the V -
stage method [V -UM ] , as follows

2(t)=(t,,y(),20)) . 1=1@)v

(12)
where
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i \ G(t) it ot<t,
t - i a a -
y() Y1)+ B0) ) 2(t v ’Zb[ 6) 2t,) if t=t,+6h el

(13)
9'(t) :
X if t<t
t)=! & ., 2(t=t;) 0
*W=1>" 5, (= D if t=t;+0h, el
r= j
(14)

a /1[“] Z "7 (tJI [sin(%z) j aCE“] (—cos(%)j

(15)
2. 2 The Algorithm of V' -stage method

The described method represents a generalization of the methods given by Jackiewicz [7-8], for
V= 1,2,3 and & =0 . The algorithm of the V' -stage method is given below:-

step1:input N, hy 15, J=0(Q)N -1,

sTep2:put 1 =0

STEP 3: Compute );(tij) and g(tij) on | i J :1(1) N -1 , by solving the system of V' -equation (12).
STEP 4: Store the computed values );(tij) and Z~(tij) on |j ) J :1(1) N-1 .

STEP 5: If I=N-1 go to step 6, otherwise set I =1+1and go to step 3.

STEP 6: Output the results y (tij) and Z (tij) ,i 20(1) N —l,
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1. NUMERICAL EXAMPLES
In this section, we present the result of some computational experiments by applying our V — UM method.

Example 1: (Jackiewicz [10])

y'(t) = e +sin(y' (B(1) - SiHL

L J t € (0,10],
3+ 6(t)

y@=mh@® . y(0)-=

1
3
(16)
Here S(t)=0.5t (1—c0os(27t)) . Theexactsolutionis Y(t)=In (3+t) .

Example 2: (Jackiewicz [10])

y'(ty =S YW - Si”(em))+%, te @],

16
yh=0 , y@-=1
17)
Here the exact solution is y(t) =In (t) .
Table 1 Table 2
Example 1: y(10) = 2.5649494 | Example 2: y(4) = 1.386294361
h 2—-UM CoCh 2-UM CoC
2-1 1.21E-4 -2.5E-4 -1.12E-4 -4.00E-1
272 7.62E-6 -6.25E-2 -8.00E-6 -7.00E-2
23 4. 76E-T 6.20k-2 5.00E-7 -5.00E-3
24 2.98E-8 T.42E-2 -3.13E-8 3.13E-3
275 1.86E-9 2.93E-3 -1.95E-9 -3.13E-4
275 | 1.16E-10 -7.32E-4 -1.22E-10 -3.13E-4
277 || 1.02E-11 -7.93E-4 -7.63E-12 -8.79E-5
278 || -T.10E-12 -3.66E-4 -4.77TE-13 -2.44F-5
279 || 1.15E-11 -8.39E-5 -2.98E-14 -6.10E-6
2710 -4 88E-12 -5.72E-6 -4.66E-15 -1.53E-6
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Example 3: (Jackiewicz [10])

, t—l (1+t)
y'(t) =e "y (t?) [y’ (m)} ,  te(01],

y(t)=¢e'", tel[-1,0]
(18)
Here the exact solution is Y(t) = et
Example 4: (Jackiewicz [10])
2 cos(t) y’ (L)
y'(t) =2cos(2t) ( y(—)j +In| —2 | sin (t), te(0]],
2 2 cos (t)
y(0)=1, y'(0) =2
(19)
Here the exact solution is y(t) :esin (2 .
Table 3 Table 4
Example 3: y(1) = 2.7182818 | Example 4: y(1) = 2.4825777
h 2—-UM CoCy 2-UM CoCy

271 1.25E-3 2.75E-2 -5.94E-2 4.28E-1
22 7.81E-5 -2.50E-3 -4 41E-3 5.441-2
23 4.88-6 -2.03E-3 -3.08E-4 1.91E-2
274 || 3.05E-T -6.64kE-4 -2 11E-5 5.59E-3
27" 2.86F-8 -1.86E-4 -1.42E-6 1.33E-3
25 1.79E-9 -4 88E-5 -9.30E-8 3.13E-4
2-0 || 7.45E-11 -1.22E-5 -5.96E-9 T.45E-5
278 [ 9.31E-12 -3.20E-6 -3.73E-10 1.82E-5
27 || 7.28E-13 -8.01E-7 -2.33E-11 4.46E-6
210 -2.73E-15 -2.00E-7 -1.40E-12 1.12E-6
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In tables (1)-(4), we give E for 2-UM method and E for the best method of Jackiewicz; Co Cl method
[10], where E denotes the global error at the end point tN .

Example 5: (Kappel-Kunish [15] and Jackiewicz [10])

y't)=y@t)+yt-1) - 025 y'(t-1), t<(0,2]

y(t)=—t, y'(t)=-1 te[-10]
(20)
Here the exact solution is given by
y(t)= t+0.25 e' -0.25, te [0,1]

17+ 3t (D)

y(t)= —-t+0.25 e' +0.5 + , te[L2]

Here, the first derivative has a discontinuity at t= O and t= 1

In example 5, we give E for the method 2-UM, 5-UM, 8-UM and Co C1 in Table (5), the V' - UM methods,

for large V' , make a little improvement in the computed results, the reason is due to there exist discontinuity for the

first derivative of Y(t) at t - O andt - 1 These results indicate that the V' - UM method is better than

the one-step methods of Jackiewicz [10].

Table 5
Example 5: y(2) = 4.2547942

h 2—UM | 5—-UM | 8—-UM | CaCy
271 1 1.6 2.03E-1 | 8.00E-2 | 6.53
22 | 815E-1 | 1.OOE-1 | 400E-2 | 4.22
2% | 410E-1 | 495E-2 | 2.00E-2 | 2.35
2% | 2.06E-1 | 2.48E-2 | 1.00E-2 | 1.22
2-b 1.03E-1 1.23E-2 | 5.00E-3 | 6.14E-1
275 | 513E-2 | 6.16E-3 | 2.50E-3 | 3.08E-1
27 2.56k-2 | 3.08E-3 | 1.25KE-3 | 1.54E-1
2—% 1.28E-2 | 1.54E-3 | 6.25E-4 | 7T.69E-2
279 | 6.41E-3 | 7.7T0E-4 | 3.13E-4 | 3.84E-2
2711 3.20E-3 | T.TOE-4 | 1.56E-4 | 1.92E-2
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Example 6: (Castleton-Grimm [4] and Jackiewicz [8])

e —AtYE(D) tan~"(z(t)) .
y(t)_(In (cos(2t)))2+4+tan(2t)+ ; , te€(0,0.75],

y(0)=0, y'(0) =0
(21)
2

ity
Z(t)_y 1+ y2 (t) . The theoretical solution is Y(t)= —0.51In (COSQt)).

where

Example 7: (Castleton-Grimm [4] and Jackiewicz [8])
y' (1) =(L+u(t)) cos(t) + y (t) z(t) —sin (t+tsin®(t)), t € (0.1],
y(0)=0,  y(0)=1
(22)

anere U(D) =Y (LY (1)) , 2(t) = y' (ty”* (1)).
The theoretical solution is Y(t) :Sin(t) :

Example 8: (Pouzet [16] and Jackiewicz [8])
t

Y (1) = (L+t1)+t-y(O)+ [ e 'y(s) y(s)ds, Y (0)=0, t € (0,2]

0
(23)

The exact solution is Y(t) =t .
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Table 6 : Example 6 {Castleton-Grimm |4] and Jackiewicz |8])
ta AR, ¥nl27%) ¥al27%) ¥al27%) U (2710)
0.0625 | 0003016465 | 00030146470 | 0.003026723 | (.003016445 | 0.003917107
0003016465 | 0.003016505 | 0003016445 | 0003016468
01250 | DO1AT90526 [ 0015790547 | D.0L5832887 | 0.015700526 | 0.015703178
0015700526 | 0.015790591 | 0.015790526 | 0.015790536
(L1875 | 0036012506 [ 0036012544 | 0.0361131097 | 0.0308012505 | 0.036018812
0036012508 | 0.036012000 | 0.036012506 | 0.036012531
O.2500 | D.G5202120 | 00652092132 | 0.065486104 | 0.085202114 | 0.065304276
0.065202120 | 0.0652092880 | 0.065202120 | 0.06852021468
(L3125 | 0104766351 [ 0104766181 | 0.105105260 | 0 104766333 | 0 104787582
0, 104766350 | 104767677 | 0104766351 | 0104766433
L3750 | 0156199940 [ 01561949327 | DL156T65082 | 0.156199923 | 0.156235405
0,1561909949 | 0.156202162 | 0.156199040 | 0.156200087
0.4375 | 0222360362 [ 0,222364313 | D.2E3301956 | 0.222365342 | 0.2224330432
0.222365362 | 0.222360022 | 0.222365362 | 0.222365501
0.5000 | 0,307813235 | 0.307813411 | 02300305557 | 0.307813221 | 0.307912401
0.307813235 | 0.307219432 | 0.307813235 | 03078134622
05625 | 04206818861 | 0420623077 | 0.423464802 | 0420618881 | 0420797210
0, 420618860 | 0.420630041 | 0420618861 | 0420619559
0.6250 | 057707805 | 0.677100804 | 0582006407 | 0.ATTOTOMT | 0.577448783
0577079806 | 0LATT102063 | OLB77TOTORO5 | D.ATTOR133TY
(LGRTH | 0818538030 [ 0818582074 | 0.834410205 | (.818530584 | 0.819566071
0,818538033 | 0818603250 | 0.818538030 | 0.818542050
07500 | 1,.324301827 [ 1.3288056012 | 1.430800306 | 1324438196 | 1.332263471
1.324301083 | 1.324R02300 | 1.324301828 | 1.324423149
Table 7 :Example 7 (Castleton-Grimm [4] and Jackiewicz [8])
y(t, = 0.25) = 0.247403959, y(t, = 0.50) = 0.479425539
y(t, = 0.75) = 0.681638760, y(t, = 1.0) = 0.841470985
tn Wi (272 yn(27) Hn(g_ﬂ} 3:":3(2_8) 3!':1(2_10)
0.25 | 0.247404002 | 0.245934360 | 0.247403959 | 0.247306957 | 0.247403959
0.247397577 | 0.247403959 | 0.247403556 | 0.247403959 | 0.247403934
0.50 | 0.479423742 | 0.475355054 | 0.479425535 | 0.479158061 | 0.479425539
0.479408626 | 0.479425539 | 0.479424471 | 0.479425539 | 0.479425472
0.75 | 0.681635238 | 0.672679530 | 0.681638752 | 0.681051318 | 0.681638760
0.681602967 | 0.681638760 | 0.681636491 | 0.681638760 | 0.681638618
1.00 | 0.841459232 | 0.825030283 | 0.841470963 | 0.840379343 | 0.841470984
0.841404641 | 0.841470985 | 0.841466775 | 0.841470985 | 0.841470722
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Table 3 :Example 3 {Ponzet [16] and Jackiewicz [5])

Hlfes)

(0.1}

i (0.05)

i (0.025)

U (0.0125)

(1 L0000

(1. L0000
(L0905 0000049

0. TO000000
0. 09090000049

0. 100000000
0. 100000000

(1, 00000000
(1. 100000000

0. 20000000

0. 200000000
(. 100000555

0L 200000000
(. 1900000 72

0L 200000000
(. 19000005

(1. 000000
(1. 190000008

0.3

(. A0000N000N

(. 300000000
[.200000115

(. 300000000
(1. 200000806

0. A00000000N
(1. 200000055

(1, A0
(1. 2009909055

0.4

(L A0N00CE0

(1.309000099
(1. 300006703

(L ADONGI000
(1.300000241

(L ADONGGI00
(1.300000515

(1, A0
(1. 200990054

0.5

T

(1. 490000095
(. 4 0000CE

T
(. 400007544

0. E00000000N
(1. 400000450

(1, SOOI
(1. 4900005658

(.6

0LADNODO0N0

(1. 5OBGG0A04
(1.500070253

0LADONDN0N0
(.5000095019

DLADNNDOC0N
(. 500005755

RETI
0. 500000603

(L TO00G000

(600000050
(.699050044

(1.E000000094
(6005090053

(1. TOO0DIN0
(LEO000TEIS

L TO0000000
(1. E090953 54

0.3

T

(1. 7O0000051
(1. 7908027095

(1. TOOBHLI90
(. 799532171

(LEO000N00N
(1. 700005569

(1, SO0

0.9

OO0

(1.300000053
(1.800580305

(1. 309000095
(1.20907 0604

(LO00000C0N
(1. 300002654

REN
(1. 200995173

1.0

L0000

(1.999000053
(.999516214

(. 009000097
(1.9990854664

LO0000000
(1LA90G88T06

1 000000000
(. S00997170

1.1

1. L0000

1.099099%033
LO9BTI2I85

1.OOO00EINE
1099033303

1. 100000000
1099533497

1 100000000
LIO999587T

1. 200000000

1. 19000007
1L.19%627509

1. 199000094
1. 199007665

1. 200000000
1. 199076065

L 200000000
1.199904245

1.3

1. 300000000

1.2000005 76
1. 200501051

1.200009092
1. 299576121

1. 300000000
1. 200060084

1. 300000000
1209092275

1.4

1. A0000000

1. 300000530
1.395353516

1. 30000000
1.300530272

1. 300000000
1. 300050376

1. 400000000
1. 3090930073

1.5

L.50000C00

1. 4909000704
1. 4901 56056

1. 40000057
1.499797427

1. 4000000
1490040416

1. 500000000
1. 409957358

1.6

1 AO0O0O0N0

1. 5000007 41)
L.50B00N553

1. 599000054
159975111558

1. 500000004
1500037524

L G000
1. 5009384460

L. TO000CEIN0

16050006 TS
1.695TH0343

1. 690000051
LAOOTHONTIE

1.EOOBHG
1600025330

L F00000000
1L.e0094951314

L5

1. A0000N000

1. 705000506
1. 798554660

1. TOOBBEITS
1. 799647014

1. TOOBLGS
1. 79901 1504

1. =00000000
1. 79907 TOEG

1.9

1.O0000N000

1.50500050)2
1.595353666

T RO0000060
1 Mbsanass

1. 300000005
1. 300307655

1 SO000nnn0n
1. 2090974420

20

2000000000

1990950354
1.995123103

1999550062
1.9995314558

1. 999555505
1. 999552015

2, (00000000
1. 909970732
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In Tables (6)-(8), we give the exact solution y(tn) in the second column, and yn (h) which denotes

the computed value yh (tn) at everyt = tn , the computed value of yn (h) are represented in two lines,

the first line for 2-UM and the second line for the method of Jackiewicz [8]. The results given in Tables (6) and (7)
are much better than those obtained by Castleton-Grimm [4] and also, those obtained by Jackiewicz [8]. The results
given in Table (8) are much better than those obtained by Jackiewicz [8].

When solving the nonlinear equations, the computations are terminated when two successive

approximations differed by less than 10 h3 .

IV. CONCLUSIONS
In this paper we construct a method based on the Ultraspherical approximation. This method can be applied to
solve different types of NFDEs. The experimental comparison, presented in this paper, shows that this method is

more efficient than the previously introduced methods. In addition, the V' - UM method can be easily implemented
on computer compared with the Lagrange multipliers and their integrals which given by Jackiewicz [10].
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