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Abstract
The non-homogeneous biquadratic equation with four unknowns represented by the
diophantine equation
x3+y3 = (k% +3)" 23w
is analyzed for its patterns of non-zero distinct integral solutions and three different methods of
integral solutions are illustrated. Various interesting relations between the solutions and special
numbers, namely, polygonal numbers, pyramidal numbers, Jacobsthal numbers, Jacobsthal-Lucas

number,Pronic numbers, Stella octangular numbers, Octahedral numbers, Gnomonic numbers,
Centered traingular numbers,Generalized Fibonacci and Lucas sequences are exhibited.
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NOTATIONS
th.n . Polygonal number of rank n with size m
an . Pyramidal number of rank n with size m
Sp . Star number of rank n
Pr, . Pronic number of rank n
Sop, . Stella octangular number of rank n
In . Jacobsthal lucas number of rank n
N . Jacobsthal number of rank n
OH, : Octahedral number of rank n

Gnomic,, :  Gnomonic number of rank n

GF, . Generalized Fibonacci sequence number of rank n

GL, : Generalized Lucas sequence number of rank n

Ctm,n . Centered Polygonal number of rank n with size m

l. INTRODUCTION
The biquadratic diophantine (homogeneous or non-homogeneous) equations offer an unlimited field for
research due to their variety Dickson. L. E. [1],Mordell.L.J. [2],Carmichael R.D[3]. In particular, one may refer
Gopalan.M.A et.al [4-13] for ternary non-homogeneous biquadratic equations. This communication concerns
with an interesting non-homogeneous biquadratic equation with four unknowns represented by
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x3+y3 = (k2 +3)" 23w

for determining its infinitely many non-zero integral points. Three different methods are illustrated. In method
1, the solutions are obtained through the method of factorization. In method 2, the binomial expansion is
introduced to obtain the integral solutions. In method 3, the integral solutions are expressed in terms of
Generalized Fibonacci and  Lucas sequences along with a few properties in terms of the above integer
sequences Also, a few interesting relations among the solutions are presented.

1. METHOD OF ANALYSIS
The Diophantine equation representing a non-homogeneous biquadratic equation with four
unknowns is

x3+y3 = (k2 +3)" 23w @)
Introducing the linear transformations

X=Uu+V,y=u-v,w=2u ®)
in (1), it leads to

u? +3v? = (k2 +3"z3 ®)

The above equation (3) is solved through three different methods and thus, one
obtains three distinct sets of solutions to (1).

2.1. Method:1
Let 7 =a® +3p? (4)

Substituting (4) in (3) and using the method of factorization,define
(U +i/3v) = (k +i+/3)" (a +i+/30)3 ©)
=r" exp(in)(a + i+/30)°

where r=4k 2 3, 0= tan_lg (6)

Equating real and imaginary parts in (5) we get
n

u = (k2 +3)5{cos nd(a® —9ab?) —+/3sin H(Bazb—BbS)}
1

V3

Substituting the values of U and V in (2), the corresponding values of X, Y,Z and W are represented by

v =(k? +3)2{cos n&(3a’b —3b°®) + —sino(a* —9ab2)}

x(a,b, k) = (k> +3)2{cos né(a® —9ab? +3a’b—3b?) +%(a3 —9ab? —9a2b+9b3)}
y(a,b,k) = (k? +3)2{cos né(a® —9ab* —3a’b +3b®) —%(Qazb—%3 +a’ —9ab2)}

z(a,b) =a® +3b®

w(a,b,k) = 2(k? +3)2 {cosno(a® —9ab?) — /3(3a%b — 3b%)}
Properties:
n

1. x(a,b,k) — y(a,b,k) = (k2 +3)2

{cos NO(Cly o 5 + Sy +2Gnomicy —4Pry—2t, 5) +% (Soz —t1. 4 +t38,a)}

.ijceronline.com ||April||2013]| Page 52




Integral Solutions Of Non-Homogeneous Biquadratic...

n
2. x(b,b,K) + y(b,b,K) + (k2 +3) ° (cos ne(32P> —16t,p) =0
4.Each of the following is a nasty number

32(k? +3)2 P’ cosné + x(b,b,k) + y(b,b, k)}

(@) gcosne -
(k* +3)?

(b) 6cos(4ab)[32(k? +3)> RS cos(4ad) + x(b,b, k) + y(b,b,k)]
3. 4[z(a2 : az)] is a biquadratic integer.

n
aw(al k) =2(k? +3)2 [cos NO(2P; —9Pry+8ty ,) —/3sin O(tg 5 + Gnomic, — 2Ctg , + 6t 4

5.x(a,a,k) = W(a’za, K) {1+ tan 9}

V3
2.2. Method 2:
Using the binomial expansion of (K + i\/§)n in (5) and equating real and imaginary parts, we have
u=f(a)@®-9ab*)-3g(x)(3a’h —3b%)
v= f(x)Ba’h-3b%) +g(a)(a® —9ab?)
Where

n

2
f(a)= > (-D)"nc, k"2 (3)"
r=0

]
2
g(a) = Z (_l)r—lnczr_lkn—2r+1(3)r—1

r=1
In view of (2) and (7) the corresponding integer solution to (1) is obtained as

x = (f(a)+ g(a))@> —9ab?) +(f (&) - 3g(a))3a’b —3b>)
y = (f (@) - g(@))a® —9ab®) - (f () +3g(e) (32" - 30°)
z=a’+3p?

w=2f ()@ —9ab?) —6g(a)(3a’h —3b>)

2.3. Method 3:

Taking N =0 in (3), we have,

u?+3v2 =73 (8)
Substituting (4) in (8), we get

u? +3v? = (a® +3b?)* ©

whose solution is given by
ug = (a% —9ab?)
Vo = (3a%b—30%)
Again taking N =1 in (3), we have
u? +3v? = (k2 +3)@% +3?)% o
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whose solution is represented by

u; =kug —3vg
V1 =Up + kVo
The general form of integral solutions to (1) is given by
A /3B
u 5 - ; u
s|o| 2 2i 1700 s=123....
Vs Bs As (Vo
2iv3 2

Where A = (k +i+/3)° + (k —i+/3)°
B = (k +i/3)% — (k —i/3)°

Thus, in view of (2), the following triples of integers Xg, Yg,Wg interms of Generalized Lucas and

fiboanacci sequence satisfy (1) are as follows:
Triples:

Xg = %GLn (2k,—k2 —3)(a® —9ab? +3a2b —3b3) + GF, (2k,—k 2 —3)(a® — 9ab? —9a°h + 9b®)

Vs :%GLn(Zk,—kz —3)(a® - 9ab? —3a%b +3b%) - GF, (2k,—k? - 3)(a® - 9ab? + 9a%b —9b>)

wg = GL, (2k,—k? —3)(a® - 9ab?) — 6GF, (2k,—k ? — 3)(3a%b — 3b%)

The above values of Xg, Yg,Ws satisfy the following recurrence relations respectively
Xg19 — 2KXg4q + (k% +3)Xg =0

2
Ys+2 —2KYsq +(k“+3)ys =0

W o — 2kWg g + (k2 +3)wg =0
Properties
1.Xs(a,a,k) +ys(a,a,k) +16Ast3 5 =8Asty 5

2. Xg(a,a+1,k)— AS(GPS OP2 | +18t4 541 —3Ctg 5 — 24P3 +4t4a)

Bs ( 5 3
6Ctg o —18P; +42P; —14Pr, -7t
2 /—3 6,a a 4, a)
3. I 3(XS (2.ak)-ys(@a, k)) is a biquadratic integer.

Bs

S_(24(0Hy) +tp0a —9ts 4 )=0

B
2i\/§

5. xs(aak)+ws(aak)+|\/_(2Pa —t44)+

4. Xg(a,a,k)—ys

AS(18(OHa)+S —Cty 4 +2CT g 16ty 2) =0

6. Xs(2a,a,k) + Y5 (28,8,k) + —>=(10P; +5t4 5) = 5As (t4.2 — S04 — Pra)

2|\/_
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S_(4P3 —2Ctgg 5 +36t4 )

B
2i/3

- %(4P§t4,a —Gnomic, —Cty 5 +4t3 )

7. Xs(@,LK) + yg

8, if aisodd
-8 ,if aiseven
8, if aisodd
-8 ,if aiseven

8.Ws (22,22 K) +24Ag )3, = {

9. X5 (22,22 k) + vy (22,22 k) +8A; j3u = {
10. X5 (a,b, k) + ys(a,b,k) = wg (a,b, k)
11. X2 (a,b, k) + ys>(a,b, k) +3xs (a,b,K) ys (2, b, K)ws (a,b, k) = wg (a, b, k)

12. (9A;) (Xs (a,2a,k) —ys(a,a,k)+ l?/_(ZPS ty, a)j is a cubic integer
2

13.Each of the following is a nasty number

(a) 3As(xs (a,8,k) + Vs (a,8,k) +16Asts 4 )
(b) 6(z(a,a))

(©) 4A, {xs(a,a,k) + W (a, 2, k)+ S (2P, —tg )+

\/_

As(18(OHg) +S, —3Cty 4 +2Ctg 2) |
(d) 6[(xs(a,a,k) + ys (a,a,k) ws (a,a,k)]

B
30A.{x.(a,a,k) + W (a,a,k) + —
(e) As{ s( ) s ( ) 243

14. Xs(a,b,k) + y5 (a,b, k) = GL,, (2k,—k? —3)ug — 6GF, (2k,—k ® —3)vq

15.X¢41(a,b, k) + yg,1(a,b, k) = [2|<(GLn (2k,—k? —3))— (k? —3)(GLn_1(2k,—k2 —3)) 0—
[(12|<)GFn (2k,—k? —3) —6(k? +3)GF,_; (2k,—k? —3)}10

16.X5, 2 (a,b,k) + Y5, 2(a,b, k) = [(3k2 —1)(GLn (2k,—k? —3))— (k3 + 6k)(GLn_1(2k,—k2 —3)) -
[(18k2 —1)GF, (2k,—k? —3) — (12k> + 36k)GF,_1 (2k,—k 2 —3)}/0

(10P3 +5t4 5) +5As (S04 +Pry)}

I1l.  CONCLUSION:
To conclude, one may search for other pattern of solutions and their corresponding properties.
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