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NOTATIONS 

nmt ,         :    Polygonal number of rank n  with size m  

m
nP          :    Pyramidal number of rank n  with size m  

nS            :     Star number of rank n  

nPr          :     Pronic number of rank n  

nSo         :    Stella octangular number of rank n  

nj            :    Jacobsthal lucas number of rank n  

nJ           :     Jacobsthal number of rank n  

nOH        :    Octahedral number of rank n  

nGnomic  :    Gnomonic number of rank n  

nGF        :    Generalized Fibonacci sequence number of rank n  

nGL       :    Generalized Lucas sequence number of rank n  

nmCt ,  :    Centered Polygonal number of rank n with size m 

 

I. INTRODUCTION 
The biquadratic diophantine (homogeneous or non-homogeneous) equations offer an unlimited field for 

research due to their variety Dickson. L. E. [1],Mordell.L.J. [2],Carmichael R.D[3]. In particular, one may refer 
Gopalan.M.A.et.al [4-13] for ternary non-homogeneous biquadratic equations. This communication concerns 

with an interesting non-homogeneous biquadratic equation with four unknowns represented by  

Abstract 
The  non-homogeneous biquadratic equation with four unknowns represented by the   

diophantine equation 

wzkyx n 3233 )3(   

is analyzed for its patterns of non-zero distinct integral solutions and three different methods of 

integral solutions are illustrated. Various interesting relations between the solutions and special 
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wzkyx n 3233 )3(   

for determining its infinitely many non-zero integral  points. Three different methods are illustrated. In method 
1, the solutions are obtained through the method of factorization. In method 2, the binomial expansion is 

introduced to obtain the integral solutions. In method 3, the integral solutions are expressed in terms of 

Generalized Fibonacci and   Lucas sequences along with a few properties in terms of the above integer 

sequences   Also, a few interesting relations among the solutions are presented.  

 

II. METHOD OF ANALYSIS 
    The Diophantine equation representing a non-homogeneous biquadratic equation with four 

unknowns is  

                                    wzkyx n 3233 )3(                                                       (1) 

   Introducing the linear transformations 

                                     uwvuyvux 2,,                                                   (2) 

    in (1), it leads to  

                                      
3222 )3(3 zkvu n                                                      (3) 

The above equation (3) is solved through three different methods and thus, one 

 obtains three distinct sets of solutions to (1). 

 

2.1.  Method:1 

Let                                
22 3baz    (4) 

 

Substituting (4) in (3) and using the method of  factorization,define 

                                   
3)3()3()3( biaikviu n                                          (5) 

                                                       
3)3)(exp( biainrn    

where                        ,32  kr       
k

3
tan 1   (6) 

 Equating real and imaginary parts in (5) we get 

 )33(sin3)9(cos)3( 322322 bbaabanku

n

   









 )9(sin
3

1
)33(cos)3( 233222 ababbankv

n

  

Substituting the values of u  and v  in (2), the corresponding values of  , ,x y z  and w  are represented by 









 )999(
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)339(cos)3(),,( 2332322322 ababbabbaabankkbay

n


  

22 3),( babaz   

),,( kbaw  )33(3)9(cos)3(2 322322 bbaabank

n

   

Properties: 
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2. 0)1632((cos)3(),,(),,( ,4
52 2

 bb
tPnkkbbykbbx

n

  

4.Each of the following is a nasty number 

(a) 
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),,(),,(cos)3(32
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n

b

n

k

kbbykbbxnPk
n


   

(b)  ),,(),,()4cos()3(32)4cos(6 522 kbbykbbxPk b   
 

 

3.  ),( 22 aaz  is a biquadratic integer. 

 aaaaaaa

n

tCtGnomicttPnkkaw ,3,6,8,4
522 62(sin3)8Pr92(cos)3(2),1,(.4  
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2.2. Method 2: 

Using the binomial expansion of 
nik )3(  in (5) and equating real and imaginary parts, we have 

                                   )33)((3)9)(( 3223 bbagabafu    

                                  )9)(()33)(( 2332 abagbbafv         
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    (7) 

In view of (2) and (7) the corresponding integer solution to (1) is obtained as 

    )33()(3)()9()()( 3223 bbagfabagfx    

    )33()(3)()9()()( 3223 bbagfabagfy    

22 3baz   

)33)((6)9)((2 3223 bbagabafw    

 

2.3. Method 3: 

Taking 0n   in (3), we have,                                                                                  

322 3 zvu                                                                 (8) 

Substituting (4) in (8), we get 

32222 )3(3 bavu                                 (9) 

 whose solution is given by 

)9( 23
0 abau   

)33( 32
0 bbav   

Again taking 1n   in (3), we have 

                                    
322222 )3)(3(3 bakvu       (10) 



Integral Solutions Of Non-Homogeneous Biquadratic… 

www.ijceronline.com                                                     ||April||2013||              Page 54 
 

whose solution is represented by  

001

001 3

kvuv

vkuu




 

The general form of integral solutions to (1) is given by 

.....3,2,1,
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Where   ss
s ikikA )3()3(   

ss
s ikikB )3()3(   

 

Thus, in view of (2), the following triples  of integers sss wyx ,,  interms of  Generalized Lucas  and 

fiboanacci sequence
 
 satisfy (1) are as follows: 

Triples:

)33)(3,2(6)9)(3,2(

)999)(3,2()339)(3,2(
2

1

)999)(3,2()339)(3,2(
2

1

322232

3223232232

3223232232

bbakkGFabakkGLw

bbaabakkGFbbaabakkGLy

bbaabakkGFbbaabakkGLx

nns

nns

nns







 

The above values of sss wyx ,,  satisfy the following recurrence relations respectively 

0)3(2

0)3(2
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Properties 

1. asasss tAtAkaaykaax ,4,3 816),,(),,(   
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 is a biquadratic  integer. 
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7. )3624(
32

),1,(),1,( ,4,36
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ss tCtP
i
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odd is a if   ,  8
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s
aa

s jAkykx 38),2,2(),2,2(
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 13.Each of the following is a nasty number 
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2
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III. CONCLUSION: 
To conclude, one may search for other pattern of solutions and their corresponding properties. 
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