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I. INTRODUCTION AND STATEMENT OF RESULTS 
Regarding  the  zeros of a  polynomial , Jain [2] proved   the  following results: 
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Theorem B:  Let  
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In this paper, we prove the following results: 
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and K<1. 

Remark 1: Taking 0  in Theorem 1, we get the following result: 
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This result was earlier proved by Roshan Lal et al [4] . 

If the coefficients are positive in Theorem 1, we have the following result: 
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If the coefficients of the polynomial P(z) are complex, we prove the following result: 
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Remark 2: Taking 0  in Theorem 2, it reduces to Theorem B. 

Remark 3: It is easy to see that 
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Next, we prove the following result on the zeros of analytic functions : 

Theorem 3:  Let 0)(

0

 


j

j

j
zazf  be analytic in 

4
Kz  and for some natural number p with 

pa

a

p

p 1
2

1




, 

............
11210


 ppp
aaaaaa , 

for some 0 ,and  

 

1

1

10

1

0

1
2

1





























































p

pp

p

p

p

pp

p
p

aa

a

p
aa

p

aa

a

p
a   . 

Then f(z) has at least p zeros in  













 






p

pp

a

aa

p

p
Kz

1

4

1
. 

Remark 4: Taking 0 , Theorem 3 reduces to the following result: 

Corollary 3: Let 0)(

0

 


j

j

j
zazf  be analytic in 

4
Kz  and for some natural number p with 

pa

a

p

p 1
2

1




, 



On The Zeros Of Polynomials... 

www.ijceronline.com                                                     ||April||2013||                                                             Page 175 
 

............
11210


 ppp
aaaaaa , 

for some 0 ,and  

 

1

1

10

1

0

11





























































p

pp

p

p

p

pp

p
p

aa

a

p
aa

p

aa

a

p
a  . 

Then f(z) has at least p zeros in  













 






p

pp

a

aa

p

p
Kz

1

4

1
. 

Cor.3 was earlier proved by Roshan Lal et al [4]. 

 

II. LEMMA 

For the proofs of the above results , we need the following lemma due to Govil and Rahman [1]: 
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Proof of Theorem 3:   Consider the function 

)()1()( zfzzF   

           

















1

11

1

1

10

2

210

)()()(

......))(1(

pj

j

jj

p

pp

p

j

j

jj
zaazaazaaa

zazaaz

 

          ),()( zz    

where 










1

1

10
)()(

p

j

j

jj
zaaaz , 









1

11
)()()(

pj

j

jj

p

pp
zaazaaz . 

For 
4

Kz  (
4

K <1, by hypothesis  for 
pa

a

p

p 1
2

1




 ), we have 

























 
)1(

4

1

1

1

441
)(

pj

pj

jj

pp

pp
KaaKKaaz  

           













 











1

1

1

441

pj

jj

pp

pp
aaKKaa  

           
p

pp

pp
aKKaa

1

441




  

          
p

p

pp

p

pp

pp
a

a

aa

p

p

a

aa

p

p
aa















 


















 







))(

1
())(

1
(

11

1
 

         

1

1

1






































p

pp

p

p
p

aa

a

p
 .                                                   (5) 

and 










1

1

410
)(

p

j

j

jj
Kaaaz  

            
41221100

...... Kaaaaaaa
pp 

   



On The Zeros Of Polynomials... 

www.ijceronline.com                                                     ||April||2013||                                                             Page 180 
 

          
41221100

..... Kaaaaaaa
pp 

   

          

 

 

 
4100

41221100

41221100

2

.....

.....

Kaaa

Kaaaaaaa

Kaaaaaaa

p

pp

pp



















 

            
10

1

0
2

1
























p

pp

p

aa
p

aa

a

p
a                               (6) 

Since, by hypothesis, 

 

1

1

10

1

0

1
2

1





























































p

pp

p

p

p

pp

p
p

aa

a

p
aa

p

aa

a

p
a  , 

it follows from (5) and (6) that )()( zz    for 
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Since )( z  and )( z  are analytic for 
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F(z). Therefore, we conclude that P(z) has at least p zeros in Kz  , as the same is true of )( z . That proves 
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REFERENCES 
[1]  N. K. Govil and Q. I. Rahman, On the Enestrom-Kakeya Theorem,  Tohoku Math. J.20 (1968), 126-

136. 

[2]  V.K. Jain, On the zeros of a polynomial, Proc.Indian Acad. Sci.  Math. Sci.119 (1) ,2009, 37-43. 

[3]   M. Marden, Geometry of Polynomials, Math. Surveys No. 3, Amer. Math. Soc. Providence, RI, 1966. 

[4]   Roshan Lal, Susheel Kumar and Sunil Hans, On the zeros of polynomials and analytic functions, 

Annales Universitatis Mariae  Curie –Sklodowska Lublin Polonia, Vol.LXV, No. 1, 2011, Sectio A, 

97-108. 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 
 

 

            

             

 

 


