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Abstract
In this paper we obtain some results on the zeros of polynomials
and related analytic functions, which generalize and improve upon the earlier well-known results.
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l. INTRODUCTION AND STATEMENT OF RESULTS
Regarding the zeros of a polynomial , Jain [2] proved the following results:

Theorem A: Let P(z)=a, + a,z + ... +a, 2" va 2"+ +a_z" bea polynomial of degree
nsuchthat a _, #a_ forsome pe {1,2..., nf,
M =M, = a; —a; |+a,] l<p=sn),M =|a,

j=1
Then P(z) has at least p zeros in

< L5t
M p+1
provided
p (@, -a,,)
M p+1
and

<1

TheoremB: Let P(z)=a, +a,z + ..... +a 2"+ a,z" + ... +a, z" bea polynomial of degree n

suchthat a

# a forsome p e {1,2,..., nj,

T
‘argaj—ﬂ‘stxs—,j=0,1 ......... n,
2

for somereal g and « and

S O

Then P(z) has at least p zeros in

p apfl

HPpLd el
L p+1

)sin

n
- ‘ap‘)cos a+ (‘aj‘+ ‘ajfl
j=p+1

+ (Ja,
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)sin «a (2<psn-1,1, =0,

p-1
I=1, :(‘apf1 —|a0|)cos a +Z (‘aj‘+‘akl
j=1

provided

p+1

la,|+ |£—|a'° ~ B (pv(_|a” ~ 2]

L p+1 \f)L p+1 J

In this paper, we prove the following results:

Theorem1: Let P(z)=a, + a,Z + ... +a, 2" va 2"+ +a_z" bea polynomial of degree n
suchthat a _, # a_ forsome p e {1,2,.... n-1}and p >0,
p+a, za, . >.. >a,>a, .. >a >a,.

Then P(z) has at least p zeros in

a (a a, ;)
2 | g|z|,K=i"—“,
K@R2p+a,—a,+K"a,| M p+1
where
M =2p+|an|+an—ap,
provided
a —a Pfa —a Pt
T T Y ([ IS
M p+1 (M ) p+1
and K<1.
Remark 1: Taking o = 0 in Theorem 1, we get the following result:
Corollary 1: Let P(z)=a, +a,z + ... +a, .,z P a,z" + ... +a, z" beapolynomial of degree n
suchthat a _, # a_forsome p e {1,2,... n-1}
a,za, | > .. >a,>a, ;> .. >a, >a,.

(a a,,;)

n _|Z|SK1:L : pl !
2p+an7a0+K1|an| M p+1
where
M, =al+a —-a,
provided

[ p+1
p a, —a,, p a, —a,,
|a0|+_ - (ap—l_a0)< - -
M p+1 M, p+1
and K, <1

This result was earlier proved by Roshan Lal et al [4] .
If the coefficients are positive in Theorem 1, we have the following result:

. p-1 p n -
Corollary 2: Let P(z)=a, + a,Z + ...... +a .70 Az 4. +a, z beapolynomial of degreen
suchthat a _, # a_ forsome p e {1,2,.... n-1}and p >0,
pt+ta,za ;.. zZa,>a; ;2 ... >a, 2a, >0.

Then P(z) has at least p zeros in

a (a, —a,;)
S s|z|sK2: P Te  Zeml,
K,{2p-a, + (K, +1)a )} M, p+1
where
M2:2(p+an)fap,
provided
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P

|a |+ p a, —a,, (a _a )< p a, —a,,
R VI p+1 P ° M, p+1

and K, <1.
If the coefficients of the polynomial P(z) are complex, we prove the following result:

p+1

Theorem 2: Let P(z)=a, + a,Z + ...... + apflzp‘l +a,z" 4 +a, z" beapolynomial of degree n
suchthat a _, # a_ forsome p € {1,2,.... n-1}and p 20,
|p+an|z U O T - U e |a1|z a,
and for somereal g and « ,
72- -
‘argaj—ﬁ‘Sas—,J=O,1 ........ n.
2
Then P(z) has at least p zeros in
(s =20
|Z| Ky = P : = ’
MSL p+1 J
where
n-1
M, =(p+]a,os a+sina +l)—‘ap‘cos a + z (‘aj‘+‘ak1)sin a,
j=p+1
provided
p p+1
p(ap_apflj , p (ap_ap—l\w
2|+ m <
M3L p+1 J M | L p+1 J

Remark 2: Taking o = 0 in Theorem 2, it reduces to Theorem B.

Remark 3: It is easy to see that K , <1.
Next, we prove the following result on the zeros of analytic functions :

Theorem 3: Let f(z) =) a;z % 0 beanalyticin |z| < K, and for some natural number p with
j=0

a 1
p-1
<2+ —,
a, p
p+a,=a 2a, .. za,,>a,za, 5 >.. ,

for some p > 0 ,and

p
|ao|+1[—aplap](2p+ao —ap71)< [LJ [ap a“]
a, p+1 a, p+1

Then f(z) has at least p zeros in

b a,1 -8,
o< k. - p+1[ - ]

Remark 4: Taking p = 0, Theorem 3 reduces to the following result:

Corollary 3: Let f(z) =) a;z % 0 be analytic in |z| < K, and for some natural number p with
j=0

a . 1
pl<2+—,
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p p+1
p &1~ 8, p a, —a,,
|a0|+— —(ao—ap71)< | | —— .
a, p+1 a, p+1
Then f(z) has at least p zeros in

b a,1 8,
o< K, - p”{ : ]

P
Cor.3 was earlier proved by Roshan Lal et al [4].

1. LEMMA
For the proofs of the above results , we need the following lemma due to Govil and Rahman [1]:

Lemma : If a, and a, are complex numbers such that

v

‘arg a; - ,B‘s a < —, j=1,2, for some real numbers g and « ,
2

then

a, —a,|<(Ja|—|a,)cos a + (|a,|+|a,|)sin a .

1. PROOFS OF THE THEOREMS
3.1 Proof of Theorem 1: Consider the polynomial

F(z) = 1-2)P(2)

(1—2)(a +a,z+ ... + a prl Zp+ + a Zn
0 1 +a,
p-1

n
j p j
a,+> (a;-a; )z +(a,-a, )z + > (a,-a,,)
j=1 j=p+1

n+l

—a,z

=¢(z) +w(2),
where
p-1
g(z) =a,+> (a, - aH)zj
j=1
and

n
+1
y(z)=(a,-a, )z’ + Y (a,-a,)-az"".

j=p+1

For |z| = K (<1), we have, by using the hypothesis,

n+1

v (2)] = Ko+

ap—a

p-1 i j-1 aﬂ K

K”-[Zﬂ

j=p+1
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[ p(a,-a,,) 1

L2p+

= (ap T,

a|+a, -a, |
[ p(a.-a_ ) 1
_|L2p+|ap|+ap1a J| (2p+|an|+an—ap)
n n p

_L2p+|an|+an—apji_ p+1 J
rp1'Ta,-a,,1"

_— 1
Tl o .

Also for |z| = K (<1),

p-1
p(2)] < fa,|+ T Ja,
j=1
p-1

§|a0|+ Ky (a;-a,,)

j=1

< |a0|+ K(apfl—ao)

—|a |+ p(a, -a,,) a,, -8,

S 2p+|a”|+an—ap p+1

= [ao|+ L[—a“p_ a“](apl - a,) @

M +1
Since, by hypothesis

pil
a_ —a
|a0|+Mi[ pp+1p_1J a [Mi) [ p+1p_lJ ’
it follows from (1) and (2) that
||//(z)| < |¢(z)| for |z| =
Hence, by Rouche’s theorem, ¢ (z) and ¢(z) + w (z) i.e. F(z) have the same number of zeros in |z| < K
Since the zeros of P(z) are also the zeros of F(z) and since w (z) hasat least p zeros in |z| < K ,it follows

that P(z) has at least p zeros in |z| < K .That prove the first part of Theorem 1.
To prove the second part, we show that P(z) has no zero in
.|
2p+a, —a, +|an|K"
Let F(z)=(@0-2)P(2)

| <

={1-z)(a, +a,z+... +a_ .,z ta,gz 4. +a_z)
j n+1
=a, +Z(a*11 -a, z

= ao + g(z)l
where
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nl
1

9(z) =Y (a, faH)zj -a z"".

j=1

For |z| = K (<1), we have, by using the hypothesis,

n
j n+1
sl 2 [, ~a, Jol [,
j=1
" -
=Z‘a.7a.fK'+|a |K"+1
j j-1 n
j=1
I I
n
sK|an—an71+Z(aj—ajfl)+anK |
L -1
[ ']
=Kl|lp+a —-a, , —pl+ta, , —a,+]a,lK
n
SK[p+an—an71+p+an71—a0+anK ]

K"].

< K[2p+an —a, +|a,
Since g(z) is analytic for |z| < K, g(0)=0, we have, by Schwarz’s lemma,
|g(z)|§ K[2p+a, -a, +|an|K"]z| for |z|£ K.

Hence, for |z| < K,

F(2)|=a, + g(2)]
> Jao|-[o @)
> |a0|— K[2p+a, —a,+ |an|K n]|z|
>0

if

i< k.|

K")

This shows that F(z) and therefore P(z) has no zero in
2|

K(2p+a, —a,+ K"

That proves Theorem 1 completely.
Proof of Theorem 2: Consider the polynomial

F(z) = 1-2)P(2)

K2p+a,-a, +]a,

| <

al'I

=(1-z)a, +a,Z + .. +apflzp’1+apzp+ ...... +a,z")

p-1 n
i p i

=a,+y (a,-a, )z +(a,-a, )z + > (a,-a,,)z
j=1 j=p+1
n+1

-a,z
=¢(2)+y (2),

where
p-1 _
g(z) =a,+> (a,-a, )z’
j=1
and
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n
+1
y(z)=(a,-a,)z"+ Y (a,-a,,)-a,z"

j=p+1

For |z| = K, (<1), we have, by using the hypothesis,

n
p j n+1
|1//(Z)|2 a,—a, K, —| Y la,-a, |K; +|a,[K,
j=p+1
n-1
p p+1 n-p n-p-1 n—-(p+1)
zla, —a, K, -K, a K, +an—aH|K3 + Zai—aHK3
j=p+1
n-1
p p+1
>la, —a K, - K, an+|p+an—an71—p|+Zaj—ajfl
j=p+1
n-1
p p+1
>la —a K, - K, an|+|p+an_an—l|+p+ dola,-a;,
j=p+1
p p+1
zla, —a, K, -K, [p+ a, |+{(p+la,]) - an71|}005a+
{(p+]a, ]+ aH|}sin a +(ap+1 - ap)cos a +(ap+1 + ap)sin a
+ o + (an71|— an72|)cos a + (aH|+ an72|)sm a |
p p+1 .
:ap—aHK3 -K3 (p+|an|)(cosa+sma+1)—ap005a
n-1
+ Z(‘aj‘+‘akl)sm a |
j=p+t
p p+1
=la,-a,,|K; -Ks M,

+K,m’ 3)

a,

Also , for |z| = K, , we have, by using the lemma and the hypothesis,

g

]

p-1
|¢(Z)|S |"’10|Jr Z ‘aj —a,
j=1

i
K 3

p-1
- |a0|+ 2 ‘ai ERE!
j=1
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<

+K3[(

+ ([apfl[—

a, a,|—la,|)cos a + (|ja |+ |a,sin a + ...

a, ,|)cos a + ([ap71[+ a, ,sin a |

:|a0|+ K.l (|2, )sin @ |

—|a0|)cos a +Z (‘aj‘+‘ajfl

a [+ K,m’ (4)

Thus, for |z| = K, , we have from (3) and (4), ||//(z)| < |¢(z)| .

Since ¢(z) and y (z) are analytic for |z| < K, it follows by Rouche’s theorem that ¢ (z) and

#(z) +w (z) i.e. F(z) have the same number of zeros in |z| < K, . But the zeros of P(z) are also the zeros of

F(z). Therefore, we conclude that P(z) has at least p zeros in |z| < K ,asthe same is true of y (z) . That proves
Theorem 2.

Proof of Theorem 3: Consider the function
F(z)=(z-1)f(2)
=(z—1)(a0+alz+a222+ ...... )

p-1 o
i p i
—a,+>y (a,,-a,)z +(a,,-a )z + Y (a,,-a;)z
j=1

=¢(2) + vy (2),
where
p-1

#(z)=-a,+> (a,,-a)z’,

j-1
y(z)=(a,,—a,)z"+ Y (a,,-a;)z .
j=p+1

ap_1

1
For |z| = K, (K, <1, by hypothesis for < 2+ — ), wehave

p p+1 " i-(p+1)
|1//(Z)|2 apfl—apK4 -K, [ a,,-a ‘K4’ ]
j=p+l
p p+1 ”
>la ,-a K, -K, [Zajl—aj‘]
j=p+1
p p+1
=la,,-a K, -K, a
[ a —a_ 1T a a
p p-1 P p p-1 p
=la,, -2, ( )( ) [ =1 ( )( ) |a,
L p+1 a, J L p + a,

and
p-1
j
|¢(Z)| < |a0|+ Z ‘aj—l - aj‘KA
j=1

< +la, —a,

a, +[ a, —a, p-2 ~ “%p-1
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:|a0|+[|,o+a0—a1—p|+|a1 a2|+ ..... +la, ,—a,, K,

s|a0|+[|p+a0—a1|+p+|al—a2|+ ..... +la, ,—a, | K,

=|a0|+[p+a0—al+p+a1—a2+ ..... +a, ,—-a,, IK,

=|a0|+[ 2p+a,-a K,

:|a0|+l[MJ(2p+ao—apl) (6)
a, p+1

Since, by hypothesis,

p p+1
a ,-—a a -a
|a0|+i¥(2p+ao—ap,l)< P
a, p+1 a, p+1
it follows from (5) and (6) that |1//(Z)| < |¢(z)| for |z| =K,.
Since ¢(z) and w (z) are analytic for |z| < K, it follows, by Rouche’s theorem, that ¢ (z) and

#(z) +w (z) i.e. F(z) have the same number of zeros in |z < K, . But the zeros of P(z) are also the zeros of

F(z). Therefore, we conclude that P(z) has at least p zeros in |z| < K, asthe same is true of y (z) . That proves

Theorem 3.
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