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Abstract

In The Present Paper We Shall Establish Some Fixed Point Theorems For Expansion Mappings In Complete Metric
Spaces. Our Results Are Generalization Of Some Well Known Results.
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1. Introdution & Preliminary:
This paper is divided into two parts
Section I: Some fixed point theorems for expansion mappings in complete metric spaces.
Section I1: Some fixed point theorems for expansion mappings in complete 2-Metric spaces before starting main result some
definitions.

Definition 2.1: (Metric spaces) A metric space is an ordered pair (X , d) where X isasetand d a functionon X x X
with the properties of a metric, namely:
1. d (X, y) >0 . (non-negative) ,
2. d(x,y)=d(y, x) (symmetry),
3. d(x,y)=0ifandonlyif X =y (identity of indiscernible)
4. The triangle inequality holds:
d(x,y)<d(x,z)+d(z,y), forall x,y,zin X

Example 2.1: Let En(or R”): {X = (X, X5, Xgurrrsrrs X,), X, € R, Rthesetof real numbers } and let d be defined
as follows:

It y=(Y,,Y, Ys.......y, ) thend(x, y)=(zn:| X, — Y, |pjp =d,(x,y) where p is a fixed number in[0, %0).

1

The fact that d is metric follows from the well-known Minkowski inequality. Also another metric on S considered above
can be defined as follows

d(x,y)=supx —y; [}=d,(xy)
1
Example 2.2: Let S be the set of all sequence of real numbers X=(Xi )fsuch that for some fixed

pe [O,oo), Z| X; | < o Inthis caseif y =y, is another pointin S , we define
1

1
d(x, y) = (Z| X =y | )p =d, (X, y) , and from Minkowski inequality it follows that this is a metric space on S .
Example 2.3: For X,yeR , define d(X, y) = x—y|.Then (R,d) is a metric space .In general, for
X = (X;, Xy Xgeoe X, ) @NA Y = (Y, ¥y, Vg ¥, ) € R™, define

d(x,y)z\/(xl—yl)z+(x2—y2)2+ ........... +(x, -y, )
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Then (R " d) is a metric space .As this d is usually used, we called it the usual metric.
Definition 2.2: (Convergent sequence in metric space)

A sequence in metric space (X , d) is convergentto X € X if lim d(Xn : X) -0

Definition 2.3: (Cauchy sequence in Metric space) Let M = (X , d) be a metric space, let {Xn} be a sequence if and only

if VeeR:e>0:IN:VmneN:mn>N:d(x,,X,)<é&

n—o

nr Am
Definition 2.4: (Complete Metric space) A metric space (X , d)is complete if every Cauchy sequence is convergent.
Definition 2.5: A 2-metric space is a space X in which for each triple of points X,Y,Z there exists a real function
d(X, Y, Z) such that:

[M,] To each pair of distinct points x,y,z d(x,y,z)#=0

[Mz] d(X, y,Z):O When at least two of X, Y, Z are equal

[M] d(x,y,z)=d(y.z,x)=d(x.z,y)

[M,]1d(x,y,z)<d(x,y,v)+d(x,v,z)+d(v,y,z) forall x,y,z,vin X

Definition 2.6: A sequence {Xn} in a 2-metric space (X,d) is said to be convergent at X if
limd(x, x,z)=0forall zin X .

n—oo
Definition 2.7: A sequence {X, } in a 2-metric space (X ,d ) is said to be Cauchy sequence if |jd(x,,X,z)=Ofor all
m,n—>w
zinX.

Definition 2.8: A 2-metric space (X ) d) is said to be complete if every Cauchy sequence in X is convergent.

2. Basic Theorems
In 1975, Fisher [4], proved the following results:

Theorem (A): Let T be a self mapping of a metric spaces X such that,
d(Tx,Ty)> %[d (x,Tx)+d(y,Ty)]¥wx,y € X, T is an identity mappings.

Theorem (B): Let X be a compact metric space and T : X — X satisfies 4. (A) and X # yand X,y € X.Then T " has

a fixed point for some positive integer r ,and T is invertible.
In 1984 the first known result for expansion mappings was proved by Wang, Li, Gao and Iseki [13].

Theorem (C): “Let T be a self map of complete metric space X into itself and if there is a constant & >1 such

that, d(Tx, Ty) > ad(x, y) forall x,y € X .

Then T has a unique fixed point in X .
Theorem (D): If there exist non negative real numbers & + f+ 7 >1and «a <1 such that

d(Tx,Ty)> armin {d(x,Tx),d(y,Ty),d(x,y)} VX, y € X,
T is continuous on X onto itself, and then T has a fixed point.
Theorem (F): If there exist non negative real numbers & >1 such thatd(TX,TZX)Z od (X,TX)‘V’X e X, T isonto and

continuous then T has a fixed point.
In 1988, Park and Rhoades [8] shows that the above theorems are consequence of a theorem of Park [7] .In 1991, Rhoades
[10] generalized the result of Iseki and others for pair of mappings.

Theorem (G): If there exist non negative real numbers & >1 and T, S be surjective self-map on a complete metric space

(X , d) such that;
d(TX, Sy)Z ad(x, y) VXxe X, Then T and S have a unique common fixed point.
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In 1989 Taniguchi [12] extended some results of Iseki .Later, the results of expansion mappings were extended to 2-metric
spaces, introduced by Sharma, Sharma and Iseki [11] for contractive mappings. Many other Mathematicians worked on this
way.

Rhoades [10] summarized contractive mapping of different types and discussed on their fixed point theorems. He considered

many types of mappings and analyzed the relationship amongst them, where d (Tx,Ty) is governed by,

d(x,y).d(xTx),d(y,Ty),d(x,Ty),d(y,7x).d(x, y),d(x, Tx),d(y,Ty).d (x,Ty ). d(y, Tx)

Many other mathematicians like Wang,Gao , Isekey [13] , Popa [9] , Jain and Jain [5] , Jain and Yadav [6] worked on
expansion mappings Recently , Agrawal and Chouhan [1,2] , Bhardwaj , Rajput and Yadava [1] worked for common fixed
point for expansion mapping.

Our object in this paper is, to obtain some result on fixed point theorems of expansion type’s maps on complete metric space.
Now In Section I, We will find Some Fixed Point Theorems For Expansion Mappings In Complete Metric Spaces.

3. Main Results
Theorem (3.1): Let X denotes the complete metric space with metric d and f is a mapping of X into itself .If there

exist non negative real’s a,fB,7,0 >1witha+2+2y+6>1 such that
(5 )z MU e )-afy, ) Qo ) ol - )

Foreach X,y € X with X# Yy and f isontothen f hasa fixed point.
Proof: Let X, € X since fis onto, there is an element X, satisfying X, = f’l(XO).simiIarIy we can write

x, = f(x,,),(n=1,23......... )
From the hypothesis
d(Xn—:UXn): d(an, an+1)

>a [1+ d(xn+l’ an+1)]d (Xn’ an)

- b Al )+ 80 BT (A B,)+ 86 )+ B8,
S l+d (1Xfé’(xx”n )]S(x) o) 4 Bl (kx4 A0k ]+ 0% )+ (k)] + (%)

(1—0( _ﬂ B ]/)d(Xn,anl)Z (ﬂ +tr+ 5)d(xn’xn+l)
1-a-B-
= d(xn , Xn+1) < (;Tié‘yjd (Xn ’ xn—l)
Therefore {X, Jconvergesto xin X.Let y e f *(x)for infinitely many n ,x, = x for some n.
d(Xn’X): d(fxn+1l fy): d(fy' an+l)
1+d ) d n+1? 1:XnJr
e 00y B0 D) gl o, 1 )+, B )
1+ d(xn+l1 y)
e R A LR IO 7 R
since d(x,,X)—> coas N — oo we have d(X,,,,%,)=d(X,,,,X)=0
Therefored(X, y)=0when x =y .
iey=f(x)=x

This completes the proof of the theorem.

za

>a
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Theorem (3.2): Let X denotes the complete metric space with metric d and S and T is a mapping of X into itself .If
there exists non negative real’s &, 3, 7,0 >1 with a + 2 + 2y + 6 >1 such that

d(Sx,Ty)> « L+ dl(i}(li]dy()x Sx) + pld(x,5x)+d(y,Ty)]+ 7[d(x,Ty)+ d(y, Sx)]+ &d(x, y)

Foreach X,yin X withx=y and S & T has a fixed point.

Proof: Let X, be an arbitrary point in X . Since S & T maps itself there exist points X, X, in X such that
-1 -1
X =S (Xo) y X =T (Xl)
Continuing the process, we get a sequence {Xn} in X such that
-1 -1
Xonyg =S (in) & T (X2n+1)=X2n+2
We see that if X,, = X,,,,,for some N then X, isa common fixed pointof S & T .

Therefore we suppose that X,, # X,,,, foralln >0
From the hypothesis

d (in ' X2n+l) =d (SX2n+1’TX2n+2)
[1"' d(Xpn,20 T 2)]d(X2 1501

> n+ n+ n+ n+ d S d T

o 1+ d(inw X2n+2) + ﬂ[ (X2n+1 X2n+1)+ (X2n+2 X2n+2)]
+ 7[d (X2n+1’TX2n+2)+ d (X2n+2 , SX2n+1)] +a (X2n+1' X2n+2)
Z ad (X2n+1' X2n )+ ﬂ[d (X2n+1’ X2n)+ d (X2n+2’ X2n+l)]+ ]/[d (X2n+1’ X2n+1)+ d (X2n+2’ X2n)]+ aj(x2n+1’ X2n+2)
= (1_ a— ﬁ - ]/)d (XZn ) X2n+1) Z (ﬂ +y+ §)d (X2n+1' X2n+2)

1—c— B —

=d (X2n+l’ Xons2 ) = (;Tﬁé‘yjd (X2n ’ X2n+1)
1-a-f-y

p+y+0o

d (X2n+l’ X2n+2) S kd(XZn ! X2n+1)
Therefore, forall N,

d (Xn+l’ Xn+2) = kd(xn ' Xn+1)
<o < ()%, %)

Now, forany m>n |
d(X,, %) < d(X,, %,00)+ A(X000 Xop ) F oo + A (X1 X))

n!*'m n? *n+l

<[ ™ b (k) B %)

n

k
< alu)

Where K = <1 similarly it can be shown that

Which shows that {Xn} is a Cauchy sequence in X and so it has a limit z .Since X is complete metric space, we have

Ze X , there exist V,W e X such that S(V): Z, T(W)= Z
From the hypothesis we have
d (in ) Z) =d (SX2n+1’TW)
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1+ d(w, Tw)[d(X,,.1, SX, .
> ol SO TS gl 96,,) ol T

+ 7[d (X2n+1'TW)+ d (W SX2n+1)]+ éd( Xoni1s W)
o o B 201 o) | gt T [ (e T) 5 A, )]+ 8 )

1+ d(X2n+l’W)
since d(x,,2)—> ccasn —cowe have d(X,,,5,%,,) = d(X,,,1,2) =0

Therefore w=2z 1.e SW=Tw=12
This completes the proof of the theorem.
Section I1: Some Fixed Point Theorems In 2-Metric Spaces For Expansion Mappings

Theorem 3.3: Let X denotes the complete 2-metric space with metric d and f is a mapping of X into itself. If there
exist non negative real’s «, 3, 7,0 >1 with ¢+ 2 + 2y + & > 1such that
d(fx fy,a)>« [L+d(y. fy.a)d(x, txa) + pld(x, fx.a)+d(y, fy,a)]+ 7[d(x, fy,a)+d(y, fxa)]
1+d(x,y,a)
+ad(x,y,a)
Foreach X,yin X withx = yand f isonto then f has a fixed point.

Proof: Let X,€ X .since f is onto, there is an element Xl:f’l(xo).similarly we can write

x, = f*(x,,) N=123...
From the hypothesis
d(x,s. %,@)=d(%x,, ,.,,a)

n-1'"n?
LY ;?XX)]% P02 Al 5,2+ A0, 6 A6, 06,02 8,5,
+ & (x,,%,,,)

AR T e e O CICEPMIS B CANURES) PP CTONME PR TCHRDANS)
+&d(x,,X,,,,8)
>6¥d(X Xn iy a)+ﬁ[d(x X -1 a)+d( n+l n )] }/[d( n+l n a)+d( n n—l’a)]_'_aj(xnixnﬂ’a)

= (o ==y, %,0,2)2 (B+ 7 +5)d(x,.X,.1,2)

1

:>d(Xn,Xn+1,a)SﬂaT€§7d( ns Xn- 1'a)
Therefore {X, } convergesto X in X .Let y € f *(x) for infinitely many n,x, # x for such n
d(Xn'X'a):d(fxn+1’ fy,a):d(fy, an+1-a)

1+d(y, fy,a)d(X, ., T, a
2 ot A0 DR ) 1,0y, ), )+l o)
+ w (Xn+l' y’ a)

[1+ d (yl X, a)]d (Xn+1’ Xn ! a)
>«

1+d(xn+11y’a)

+ Ald(x,.0.%,,8)+d(y, x,a)]+ 7[d (x,..x,.2) + d(y, x,,8)]+ (%1, y,2)

since d(x,,X,a)— o as n — o wehaved(x,,;,x,,a)=d(x,,,,x,a)=0
Therefore d(x,y,a)=0=>x=y
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ie y="f(x)=x.
Theorem 3.4: Let X denotes the complete metric space with metric d and S & T is a mappings of X into itself .If
there exists non negative real’s «, f3,7,0 >1 with o + 23+ 2y + 6 >1such that

= d(i/ ;T;/ (j) ]yO! S() a, pld(x,5x.a)+d(y,Ty,a)]+7[d(x,Ty,a)+d(y,Sx.a)]
+ad(x,y,a)
Foreach X,yin X withx= yand S & T has a fixed point.

d(Sx,Ty,a)>a

Proof: Let X, be an arbitrary point in X . Since S &T maps into itself there exist points X1 X, in X such that

-1 -1
X =3 (Xo) X, =T (X1)
Continuing the process, we get a sequence {Xn} in C such that

1 1
Xons1 = S (XZn) & T (X2n+l): Xons2
SX2n+1 =X TX2n+2 = Xonn

n
We see that if X,, = X,,,,, for some N then X, is a common fixed pointof S & T .
Therefore we suppose that X, # X,,,, forall n >0

From the hypothesis

d (X2n » Xoni1s a) =d (SX2n+1’TX2n+2 ' a)

1+ d(Xn, 0, X0, @) (X 1) SXoppr @
a[ ( 2n12+ dz(xzszrl;);l(Zn(Jrgz; al) 2l )+ﬂ[d(X2n+l’SX2n+1’a)+ d(X2n+2’TX2n+2’a)]

+ }/[d (X2n+1’TX2n+2’ a)+ d (X2n+2’ SX2n+1’ a)]+ &j(X2n+l’ X2n+2 ! a)

1+d(Xsp, 0 Xonq, @) (X011, X5, @
2 o 00 s M ) gl ) 00 0000)

+ 7[d (X2n+1’ Xons1s a)+ d (X2n+2' Xons a)]+ o (X2n+l' Xons2 a)
= (1_ a-p- 7/)d (sz Xon+1r a-)2 (:B +y+ 5)d(X2n+1, X2n+21a)

l-a-p-
=d (X2n+1’ Xons21 a) < ng (X2n 1 Xons1s a)
where k = M <1
a+p+y

d(X2n+1' X2n+2’a) < kd(X2n1X2n+1’ a)

Similarly — d(X,,,, 5, X5p,5,@) < KA(Xy11 X112, 8)

Therefore we obtain d(x,,,,X,.,,.a) < kd(x,,x,,,a)

Which shows that {Xn} is a Cauchy sequence in X and so it has a limit g is complete metric space, we have g e X ,
there exists v,w e X suchthat S(v)= s, T(W)= u

From the hypothesis we have

d(XZn,,u,a) = d(SX2n+1’TW' a)
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[1+d(w,Tw,a)ld(w,Sx,,,.a
1+d(%,,,,,W,a)

+ ]/[d (X2n+l’TW’ a) + d (W’ Sx2n+l’ a)] + aj (X2n+l’ W’ a)

L+ dl(fdﬁzx?n)}? S\Il\’l’ax)zn a) + Bld(Xyp10 X5 @)+ d (W, Tw, a)]

+y[d (X0, TW, @)+ d(W, Xy, )]+ & (X,,,,,, W, @)

since d(X,,, #,a)>as n—>o  we have d(X,,,5,%,,,8)=0d(X,,,,,W,a)=0 . Therefore d(W,,u, a) =0

implies W= i.e Sw=Tw= u

This completes the proof of the theorem.

>a

) ¢ Bk, S 2)+ (1, T, )]

za
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