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Abstract:

The aim of this paper is to investigate the probability distributions involving Meijer’s g Functions of matrix
argument in the complex case. Many known or new Result of probability distributions have been discussed. All the
matrices used here either symmetric positive definite or hermit ions positive definite.

| Introduction: The G-Function
The G-functions as an inverse matrix transform in the following form given by Saxena and Mathai (1971).
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For P < q or q > | is a complex matrix and

p = 9, = , V/
= 0Re(b; +6)>m—1( =1....p)and Re (a; + §) = m — 1(j =1,....q). the gamma products are such that
the poles of [15_, % (&; + &) and those of [T5_, %, (m — a; — &) are separated.

1. The Distribution
In the multivariate Laplace type integral

I= J. etr (— BX)| det X] =™ (X)a?
x>0
taking o) = 677 [R2: "]
The integral reduces to
1= lder(8) 622 e O ] 21

r+1=
For Re(—a 4+ minb;) = m{j = 1,2,3,....p) and £ is hermitian positive definite matrix and & is an arbitrary
complex symmetric m X m matrix.
The result (2.1) is a direct consequence of the result Mathai and Saxena (1971, 1978).
[Notation etr (—B&) = exp [tr(X)] for exponential to the power tr (X)]

Thus the function
f@) = f{f: By e s By Byl E,Ff} =
_ ) [ PR
etr(~B) detx =GP [R2[ ]
-a 1 L — B,y e s By
|81 ¢rar [re | by .. b, ]
where Re(—a + minb;) = m — 1
= 0, else where
provides a probability density function (p.d.f)
2.1 Special Cases
Case (i)
Replacing & =1, letting £ tends to null matrix and using the result due to Mathai (1977)
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By wanaa
[ | det 2] =-mEmn [flbi.....b:]ﬁ = B,(a)
F=F=n
where

B, (a) = 1']:?=P+1 fn(m=bj-a) H}=IT +1 Pl j+a)

Where Re(b; +a) = m;(j =1,2,....m)

In (2.1.1), we get

£(2) = 16, (@17t = [det (2)| " ¢72 [x-|;‘;1 o ;; 212
where Re(b; +a) = m; (j = 1.2,....,m)

Re(a; +a) = m: (= 1,....n). X =X = 0 = 0, elsewhere

I_, Fm(bj+ @) T7_, Fm(m—aj-a)

211

Case (i)

Puttingp=1,q =0,r=0,s=1, B =1, then (2.1.1) takes the form

I'= [ qetr (= X)|det X| *~™Gy 7 [RX|a]dX 213

We know that 637 [RZ|al = | det R|* |det (2)|%e~"#%

where ¥ =X =0 214
Using (2.1.4) iin (2.1.3), we have

I'=|det R [y, e E 02 |get ()| ax 2.15

The integral reduces to
= |det R|%%, (a + o)l det(] + &) |"(e+®
(2.1.2) takes the form

_ _—tria+ByR [det ()] a+=—m
f(®)=e F(a+a)| detli+ 2]~ =D 2.1.6

where Rela +a) >m.Re(I +R) > 0¥ =% >0
= 0, elsewhere

Which is a gamma distribution.

Taking (a + a) = m, (2.2.6)takes the form

S-trii+FIE
f(2)= p(m) | detli+ |-

where Re(I + R) =02 =2"=0
= 0, elsewhere

Taking (a + a) = E (1+E) = i‘f"l, (2.1.6) yields the wishart distribution with scalar matrix 7 and n degree of
freedom.

2.1.7

(22

] n
Z V|detXz"™

(@)

" n _ _& —1
_rrdertr e

)=

_n
r4

= - 2.1.8
Pl S I 17
furz?:.fr:: 0T =0m=n
= 0, elsewhere
Case (iii)
Puttingp=1,9=0,r=1,s=1, then (2.1.1) takes the form
fyapetr (—B0)|det 2|7 627 [R2|}] a2 2.1.9
We know that
o 1 o —b-
cro[g2]}] = = |det( 2) |*] detcr — 2yjo-o-m 2110for 0 < X <L, Re(a—B) >m

Using (2.2.10) in (2.2.9) we have
8 b
.2':{:::_—:;] fkﬂ{}‘eﬁr[—ﬁf}ldeﬂ‘ff]lha—ml dﬁt[}l _ ‘?}Ia_b_mdf‘
2.1.11
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The integral reduces to

1= laec 8" =22 A (b +asa+ i —B) 2112

ForRelb +a) =m—1,Relo +a) =m—1
= 0, glse where

The result (2.1.12) is a direct consequence of the result
g tT(XZ)

f |det 2|° ~ ™| det(I — B)P-5-"dX

= %‘Eﬁ'“ F8:p: —2] 2.1.13
For Re(&) = m —1,Relp) =m—1LRelp— &) =m —1
Thus the function (2.1.1) takes the form

#n(a + adetr (—BR)|det X [P T8~ ™| det(7 — %) |e-ti-m

7 =
F2) 7Dt Elbtaatab)
forRla—)=m—1.Re(b +a) =m—1,ReE>0, ¥ =¥ =0
= 0, glsewhere 2.1.14
Case (iv)

Puttingp=1,g=1,r=1,s=1,a=m-a+b
Then (2.1.1) takes the form as

fasoetr (~BX)det x1--mGEL [RR]T ~ % Plax 2115
We know that
it [RX|"': T =5 (@) [aet B cet (2) [P det(r + 2

forRe(b,a —b) >m -1, =% =0 2.1.16
Using (2.1.16) in (2.1.15) we have

= & () |aet @] x f otr (B2 det(D)|* "™ det (1 + BR|2d2R.
H=b
The integral reduces to

I = %, (a)|det ()| %, (a + B)IBI=“*Y E[a,q + b; — —RB 1]

For Re(B) = 0,Refa +b) =m — 1 2.1.17
= 0; elsewhere.

The result (2.1.17) is a direct consequence of the result

[ et x1=-m 1@ (0 s AR) a2 = £, @110 By s —RE1]
=0
ForRe(B) = 0,Rela + B) =m
Where |det (T + RZ)|™% = ,F,[a: — —BX
Thus the p.d.f. (2.1.1) takes the form
atr(—& Fldet( TP~ det (4 BRI~
f(}?} = Fon L2 +BD |8 (2 E) oo by — A1)
ForRe(B) = 0, Re(a + b) = m — 1,Re(B) = Re(B). 2 =X =0
= ; elsewhere.
Replacing —A with A and £ with F, then (2.2.18) takes the form as
FO = stri—#&ldet(R|2 B det (7-A2 72
e+ [det &= *¥_ryloo+b—; 1]
For Re(B) > 0.Rela + bl =m—-1.8=2>0
= ; slsewhaere.
Case (V)
Puttingp=1,9=0,r=0,s=2 2.1.20
Then (2.1.1) takes the form as
I= [y etr (—B2|det()|" " G IR ]a, laR 2121

We know that
et #1%|der #1% .5, - mea—Bi—A
Gi8lAR|a,b] = e 2.1.22

Fnlm+a—il

2.1.18

2.1.19
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ForRefa —b) = -1,X=2"=0
Making use of (2.1.22) in (2.1.21) we get
Idet RIE
I= ok j etr (—BX |det(2)]|
=0

_'Fm(m+u—

a—a+m

X Ff[—im+a— Er:—}f{g]gf]
— detRm(ata) [|g|‘ T R@+amta— b:—ﬁﬁ'l}]2.1-23

Fen (M+a—-B)
for Re B = 0, Rela +a) >m —1
Thus the p.d.f. (2.2.1) takes the form

str(—#8)|det £|52™ z [ m+a—b:—AR]

f(f) = F‘mf,a+4ﬂ|detﬂ|‘[“+“:':}?11[a+a;m+a—b;f] 21.24
ForRe £ > 0,Rela) >m—1L,ReR>Re (B).X=1'>0
= 0; elsewhere.
Case (vi)
Puttingp=1,q=1,r=1, s=2, then (2.1.1) takes the form
fympetr (—BR) |det 2623 [R2]}, | aX 2.1.25
We know that

17 @ = a ]

3 [R2]5, o] = #.0m — a + B)|det 2] |aet 2] 2.1.26
#,F[m—a+bm+b—c—RY 2.1.27

For Re(lb —c,b—a) = —1
Using (2.1.26) in (2.1.27) we get

=#lm—a+ E:{]’Iduaﬂ.:."i'fljl'T I eﬁr[—ﬁf}ldetflu+ﬂ_m x,Fim—a+bm+b—c—-RY
E=0
2.1.28
=& (m—a+8)|det B|° 5 (a + B)|aet B
¥ Fifm—a+bha+fim+b—e—KE™1 2.1.29
For Re(B) = 0,Rela + f) >m — 1
The result (2.2.29) is a direct consequence of the result

I |det 8] e~ B F [ b: —RR]dX
=D
= ﬁn[u}ldet[ﬁ}l_ﬁzﬂ[u:a: b:—FE~1] 2.1.30
For Re(B) = 0,Rela) = m — 1,2 = ' = 0Re(&) = Re[R]
Then the p.d.f. (2.1.30) +t§kes the form as

str{—E|det ¥|TTHTT B ¥

) = e e 2131
Where ,F [#] = ;R [m—a+bm+ b —c; —AX]

Fles]l = E[m—a+bm+fim+b—c:—RE"Y
ForRe(B) = 0,Re(a + 8) >m — 1L,Re(B) = Re(R). X =2 =0
= 0; elsewhere,

Replacing & with - &, (2.1.31) takes the form

_ str(—#F)ldet k| 14
f(f) - F‘mﬁa+ﬂlldetﬁl[“+m;ﬁ[++] 2.1.32
Where ;F [+l = \E[m—a+bm+b—c:—fFX]
LAl +Hl=FEm—a+ba+fm+b—cal]
For Re(R) = 0,Re(a + f) = m—1,Re(R) = Re(B). X=X =0
We know that @
L — FlC) e (c—a— I
oFlabell = PR~ 2.1.33
Making use of (2.2.33) in (2.2.32), we get
a+jH-m
f(&) = Myetr @Ryldet 2] 1A 14] 2.1.34

Where
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fola —cl(m+b—c—a—f)
l_l = —(a+f
mog(m+b—c)ila—c—a— i (a+ f)|det B
A+ = /m—a+bm+tb—cBX)
We know that the Kummer transformation as
Filarb: BR] = etr (BX),F[b— a: b;—EX 2.1.35
Making use of (2.2.35) in (2.2.34) we get
b=
F2) =T, etr [ + B)2laet 2|77 A [#] 2.1.36

When [1,, same as above

JH = Fla—cm+b - BX]

Where Rela + )l =m—1,Re(m+b—c_>m—1,

Rela —c—p)>m—-1LX =X =0RelE+E) >0

Case (vii)
Puttingp=1,9g=2,r=2,s=2,a=-cl,b=-c2,c=a-m,a=-b
The (2.1.1) takes the form

Sysostr (—EDaee 2| [RE], 7 b 2.1.37
E>p { 4 b

Who know that? G2 [ﬂ‘fli ::; _ b]

— fmla+cyfm(a+cy) ’

Idetfla_m ¥ Fla+c.a+ca+ b —FX)

2.1.38
ForRela +cpatcpa+b)=m=1,=2=0
Making use of (2.2.38) in (2.2.37), we get
Fnla+6y 2m I la+a—m)
= +:;m+:;|';|2u+m~m+a X oF, [a+ cy.a + cia + b:—RX]dR
2.1.39

The result (2.1.39) is a direct consequence of the result
Eraki s —a
Ji:ngw{_gf}lfl oF [ag.0;, a:b; —RE~] = Fm[ﬂ}lgl

oF [ay. 6z a; b; —RB 1] 2.1.40
Thus the p.d.f. (2.1.2) takes the following form

Fenla+E)

etr(—EE det ¥ =P ™Mo R -]
f[f) - Fnla+a—m [detd|(=+=—ml g -] 2.1.41
Where ,F [-] = ,F [a + cy.a + cp:a + b: —AX]
JFl-1=:FEla+c.atecpata—ma+b;—FE?
For Re(B) = 0,Re(a —a —m) = m— 1,Re(B) :’RE%R],/? =f=0
= ; elsewhere.
Replacing —K with A and X with# —*, (2.2.40) reduces to
f[f) _ str(-BR)ldet &7 gy (4] 9142

Fmla+a—m [detE|(=r==mi_p (14
Where ;F [+] = JF [a + €. + cia + ¢ 1]
Fl++l=Flateateata—mia+ b —HBE1
Making use of (2.1.33) in (2.1.42), we get .
—g—a—(m+
M etr [(~8Fldet B ™ 5 [4]

f(f) = —[a+a+
|det B 7 m E [4]
Here,
3 fpla + bl (b—a—cy,— ;)
l_lm_ﬁn[ﬂ —b—, ¥ (b -, (a+a—m)
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