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Abstract: 

Algebraic approach to study the formation of large assemblies of discrete signals with multi-level correlation function, 

which is based on the section of circular orbits of group codes, is studied. The number and value of side -lobe levels of the 

correlation function of the generated sequences, and the power of the assembly signals are determined by remote and structural 

properties of polynomial rings over fin ite fields. Proposals for the hardware implementation of devices forming discrete sign als 

with multi-function correlation are developed. 
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1. Introduction  
A promising direction in the development of algebraic methods of the theory of discrete signals is the use of advanced 

mathematical apparatus of the theory of finite fields and, in particular, the theory of polynomial rings, which allows associating 

the correlation properties of the sequences, generated from the group and the structural properties of the code sequences [1 – 4]. 

The studies carried out in this work showed that thrived algebraic approach to the synthesis of discrete signals based on section 

of circu lar orbits of the group code allows creating large assemblies of sequences, the correlation properties of which have 

multi-level structure. The synthesized signals have the most practical interest in multip le access radio control systems [5 – 7]. 

The use of large assemblies of discrete signals with the improved properties will significantly increase subscriber capacity of 

radio control systems with code channels division. 

Proposals for hardware implementation of devices forming discrete signals with mult i-level correlat ion function are developed 

in this work. It is shown that the developed solutions allow to generate a sequence with improved correlation and assembly 

properties and to practically implement the developed in [1 – 4] method of forming of dig ital signals.  

 

2. Algebraic approach to the formation of discrete sequences with multilevel correlation function  
The proposed in [1 – 4] algebraic approach to the formation of large assemblies of discrete signals with multi-level 

correlation function is based on the section of circular orbits of group codes. The number and value of side -lobe levels of the 

correlation function of the generated sequences, and the power of signals assemblies are determined by remote and structural 

properties of polynomial rings over finite fields. Let's briefly examine these provisions constituting the theoretical basis for the 

formation of d iscrete signals. 

Group code is uniquely determined by leaders (representatives) of its component cyclic orbits. An orbit hereafter refers 

to the set of code words equivalent to each other with respect to the operation of the cyclic shift. Under the section of the  orbits 

of the group code let’s understand the choice of one representative (leader) of each orbit. Distance (correlation) p roperties of 

the thus formed set of leaders are determined by remote properties of group codes; herewith the equivalence of cyclic shift 

operation is absent by definition of orbits section. Let’s set this property in the basis of the assembly of discrete signals 

formation. Sectional d iagram of nonzero cyclic orb its of group code is shown in Fig. 1.  

Fig. 1 shows the decomposition of the vector space  qGFn  on the sets of non-intersecting orbit V , L,...,0 , the group code 

V  representation through the union of a finite number of orbits and the scheme of choosing of orbital leaders  – one arbitrary 

representative from each cyclic subsets V , M,...,0  (for convenience the code words  u,v
1n

u,v
1

u,v
0u,v c,...c,cC   are marked  

by two indices: v  – the number of orb it vV  of the code V , M,...,1v  ; u  – the number of a code word in the orbit 

vz,...,1u  , where vz  – the number of code words in the orbit vV , 1nz v  ). 
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Fig.1. Scheme of nonzero cyclic orbits’ section of a group code for the format ion of an assembly of d iscrete signals  

 

Representatives of the orbits of the selected form the set  M21 S,...,S,SS  , where u,vv CS  , M,...,1v  , and the selection of 

an index u
 
with appropriate u,vC  is determined by the rule of section of the v-th cyclic group code orbit.  

Let’s consider the binary case, i.e. restrict ourselves to the properties of the set  M21 S,...,S,SS  , formed by the section of the 

circular orbits of  binary group code. The elements of the formed of discrete sequences (digital signals)  v
1n

v
1

v
0v s,...s,sS   

let’s define the elements of the selected code words (the leaders of the orbits) as follows: 











.0c,1

;1c,1
s

u,v
i

u,v
iv

i  

Let’s suppose that the considered (n, k, d) code V has a weight spectrum of:  

 A(0) 1;

A(1) 0;

A(2) 0;

     ...

A(d 1) 0;

A(d);

A(d 1);

     ...

A(n).






 




 








                                                                                  (1) 

n,...,0w  , where  wA  – the number of code words in the code
 
V  with the weight

 
w .  

Then the set of digital signals  M21 S,...,S,SS   formed by the section of cyclic orbits of code V , has correlation and 

assembly properties, corresponding to the following statement [1 – 4]. 

Statement 

1. Side lobes of the periodic function of auto – (PFAC) and mutual – (PFMC) correlation signals’ assembly 

 M21 S,...,S,SS  have the following values: 

,
n

w2n
PFAC,PFMC


                                                                          (2) 

for those ,n,...,1d,dw  that 0)w(A  .  

2. For all such n,...,1d,dw  , that 0)w(A   the side lobes and PFAC and PFMC will never be 
n

w2n 
. 
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3. The power M of the assembly  M21 S,...,S,SS   is defined by the number of non-zero orbits of the code V  and is 

bounded below by the expression: 

n

12
M

k 
 .                                                                                    (3) 

The equality holds in case of the maximum period of the sequence of all the orbits forming the code, i.e. if  the code is V a set 

of orbits, formed by sequences of maximum length (m-sequences).    

Let’s consider the most general case where the binary group  d,k,n  code under  2GF  is given by checking polynomial of:  

             





 





 




  





s
u

s
2

s
1

u2

2i2i
1m

1s

2i
ii1i

x...xxxf...xfxfxh ,                        (4) 

where,  xf
1i

,  xf
2i

, ...,  xf
ui

 – u arbitrary row of the following minimal polynomial elements  mi
2GF1  , 

 mi
2GF2  , ...,  mi

2GFu   respectively, where the order of  the elements 1i , 2i , ..., ui  is equal to the order of the 

multip licat ive group of a finite field  m2GF , 12n m  ,   –  a primitive element of the fin ite field  m2GF , 12n m  . 

Let’s consider, without loss of generality that 1i1  . Let’s define the check and generator polynomial as follows:  

        





 





 





s
u

s
2

s 2i
1m

0s

2i2 x...xxxh , 

 
 

   
 






u2

j
s

i,...,i,1j

m

0s

2j
n

x
xh

1x
xg . 

Schemat ically, the process of forming of the check and generator polynomial is shown in Fig. 2. The symbol v  stands for the 

number of the classes of conjugate elements that make up a mult iplicative group of a finite field  m2GF . The first class 

(elements 
1 , 

2 , ..., 
1m1m

22 

 ) contains m conjugacy (which determines the primit ive element  ). The following  

classes (elements 
j , 

j2 , ..., 
2m

2j ) contain jm  conjugacy ( jm  divides evenly m )  v..1j . For each  v..1j  

corresponding jm  is defined as the smallest positive integer for which the equality:  

   12mod2jj mm j  . 

If the order of the mult iplicative group of a prime number, that is, when:  

numberprime12m  , 

then: 

mm:j j  . 

A single element of the field 10   forms an additional conjugate class of one element.  

Fig. 3 shows the corresponding distribution of the elements of a fin ite field in the polynomials  xh  and  xg . Elements of a 

fin ite field o f the first u conjugate classes are the roots of the check polynomial  xh .  A  range of elements of a finite field, 

which holds the roots of the check polynomial  xh , is determined by the largest value z , fo r which the condition 

)12mod()z(z m , is done, that is: 

           }12mod2i...,,12mod2i,12mod2{maxz ms
u

ms
2

ms

1m,...,0s



. 
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Fig. 2. Scheme of formation of check and generator polynomials of the group code 
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Fig. 3. Distribution of the elements of the finite field to check and generator polynomials of the group code 

 

In general, the roots of polynomials  xf
1i

,  xf
2i

, ...,  xf
ui

 are in the range: 

     
  

valuesz

2ii2ii2ii
1m

uu
1m

22
1m

11 ,...,,...,,...,,...,,...,


 , 

whence:  

1z2t2 m  , 

and, accordingly: 

z21t2d m  . 

The corresponding code parameters of a group code are as follows:  

 z2d,zmk,12n mm  .                                                                     (5) 

Let’s estimate the weight spectrum of the code. Verification polynomial of the code with the parameters (5) contains check 

polynomials of all the codes, as a cofactor with the check polynomials         uy,xf...xfxfxh
y2 ii1i

 . 

It follows that all the code words from the group codes with         uy,xf...xfxfxh
y2 ii1i

  are code words of considered 

code with parameters (5), i.e. nonzero components of the weight spectrum are fo rmed by a successive addition (in order of 

addition of the cofactors in the polynomial         uy,xf...xfxfxh
y2 ii1i

 ) of the corresponding pair of elements (for all 

u,...,3,2y  ): 

0)z(A y  ,  

,0)z2(A y
m    

where: 

            }12mod2i...,,12mod2i,12mod2{maxz ms
y

ms
2

ms

1m,...,0s
y 


. 

When 1y   we have one non-zero component of the weight spectrum 0)2(A 1m 
, which corresponds to 

1m
y 2z  . 

The considered in works [1 – 4] cases of building three – and five-level discrete signals correspond to: 
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0)22(A 2
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 . 

Thus, the three – and five-level d igital signals are a special case of constructing of large assemblies of discrete signals with 

multi-level correlation functions. 

The general expression for estimating the weight range of the group code specified by a check polynomial (4) let’s put down a s: 











































































































.12,...,1z2ww,0

;z2w,0

...

;22z2w,0

;1z2,...,1z2w,0

;22z2w,0

;1z2,...,1zw,0

;2zw,0

;1z,...,1zw,0

;22zw,0

;1z,...,1zw,0

;22zw,0

...

;zw,0

;1z,...,1w,0

;0w,1

)w(A

m
u

m

u
m

2

1m

1m
3

m

3
m

2
m

1
2

1m

1m
2

m

2
m

1

1m
1

12

1
2

1m

1m
2

23

2

1m

1m
3

u

u

 

The corresponding expression on valuing the side-lobe periodic correlation function generally takes the form: 
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                    (6) 

 

Thus, the generated by the proposed method discrete signals have multilevel features of auto  – and mutual-correlat ion. The 

values of the lateral emissions take a finite number o f values given by the weight properties of a used group code. 

Let’s estimate the power of the assembly of the formed digital signals. The power of the used code is umk 22  ,  there are 

altogether: 

1212 umk   

of nonzero code words. 

If we assume that each code word has the maximum period and each cyclic orbit contains exactly 12m   code words, then the 

expression for the estimates of the power of the assembly of the formed signals becomes: 

12...22
12

12
M mm)2u(m)1u(

m

um





 

. 

The analysis of the last expression shows that the use of group codes allows creat ing large assemblies of discrete signals. 

Adding of a minimal polynomial as another cofactor in the check polynomial increases the power of the assembly 
m)iu(2 

, 

where iu   – the number of the added min imum polynomials.  

 

3. Development of proposals for the hardware implementation of devices forming discrete signals by a 

proposed method 

The developed method of forming of digital signals allows building large assemblies of weakly correlated binary sequences. 

Let’s consider the possibility of practical fo rmation of large assemblies of weakly correlated discrete signals and construct ing 

the corresponding hardware devices for binary sequences generating. 

In case of multi-level sequences, we get the following scheme of formation of discrete signals. (Fig. 4). The device is built 

through connecting of shift registers to the adder output u. A wiring diagram to make appropriate provision in the register r ing 

feedback shift is selected by the coefficients of primitive polynomials  xh1 ,  xh 2 , ...,  xh u  of m degree, respectively. In 

this case, the length of the binary sequences equals to 12n m  and to form them one need to use u shift registers the shift 

registers with m  binary digits. The in itial state of the shift registers sets the mode of the formed sequence. 
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Functions of the feedback shift registers are set by coefficients of primit ive polynomials of m degree: 

     

     

     






















 






 






 

1m

0s

2i
i

m
m,u

2
2,u1,u0,uu

1m

0s

2i
i

m
m,2

2
2,21,20,22

1m

0s

2i
i

m
m,1

2
2,11,10,11

s
u

u

s
2

2

s
1

1

xxfxh...xhxhhxh

...

xxfxh...xhxhhxh

xxfxh...xhxhhxh

, 

where  xf
1i

,  xf
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, ...,  xf
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 – min imal polynomial of elements 1i , 2i , ..., ui , respectively, from the end field  m2GF , 

which are defined by their roots 
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u 2i
 , 1m...,,1,0s  . 

 

 
 

Fig. 4. Block diagram of the formation of discrete signals with multi-level correlation function 

 

The order of elements 1i , 2i , ..., ui  equals the order of the multip licat ive group of a finite field  m2GF ,   – a primit ive 

element of the finite field  m2GF . 

The device works in the discussed above manner and allows creating:  

12...22
12

12
M mm)2u(m)1u(

m

um





 

 

sequences of length 12n m  .  

 

4. Conclusions  
Thus, in the course of a conducted research practical suggestions regarding the implementation of the hardware 

devices forming discrete sequences have been developed. 

The designed schemes are implemented computationally by efficient converters, for example, based o n circuits with a 

shift register and an adder (see Fig. 4 – 7). They allow creating large assemblies of discrete signals with improved correlation 

and assembly properties. Therefore, the developed proposals let to practically implement the developed method  of forming 

discrete signals. 
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