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Abstract
Lorenz’s discovery of chaotic behaviors in nonlinear differential equations is one of the most exciting
discoveries in the field of nonlinear dynamical systems. The chief aim of this paper is to develop a eigenvaluel theory
so that a continous system undergoes a Hopf bifurcation, and to investigate dynamic behaviors on the Lorenz model:
dx dy dz
m kx +ky, it XZ+ pxX—Y, ” Xy —qz,
where K, p, ( are adjustable parameters.
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1. Introduction

The mathematics of differential equantions is not elementary. It is one of the great achievements made possible
by calculus. Lorenz’s discovery of strange attractor attractor was made in the numerical study of a set of differential
equations which he had refined from mathematical models used for testing weather prediction. Although the topic of
differential equations is some 300 years old, nobody would have though it possible that differential equations could
behave as chactically as Lorenz found in his experiments [2 Front]. In case of one-dimensional maps, the lack of
hyperbolicity is usually a signal for the occurrence of bifurcations. For higher dimensional systems, these types of
bifurcations also occur, but there are other possible bifurcations of periodic points as well. The most typical of these is
the Hopf bifurcation. In the theory of bifurcations, a Hopf bifurcation refers to the local birth and death of a periodic
solution as a pair of complex conjugate eigenvalues of the linearization around the fixed point which crosses the
imaginary axis of the complex plane as the parameter varies. Under reasonably generic assumptions about the
dynamical system, we can expect to see a small amplitude limit cycle branching from the fixed point [3-8].
We first highlight some related concepts for comp leteness of our exploration.

1.1 Limitcycles

A cyclic or periodic solution of a nonlinear dynamical system corresponds to a closed loop trajectories in the
state space. A trajectory point on one of these loops continues to cycle around that loop for all time. These loops are
called cycles, and if trajectories in the neighborhood to the cycle are attracted toward it, we call the cycle a limit cycle
[2, 5].

1.2 The Hopf bifurcation theorem:
In this discussion we will restrict our discussion on second-order systems of nonlinear ordinary differential
equations, although almost all the results and discussions given below can be extended to general nth-order systems.

We consider the systemz—)t( =£(X;R), Xe R2 (LY

where R denotes a real parameter on an interval I. We assume that the system is well defined, with certain smoothness
on the nonlinear vector field &, and has a unique solution for each given initial value X(tg) =X for each fixed

Rel .We also assume that the system has an equilibrium point X (R) and that the associated Jacobian
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J=—= has a single pair of complex conjugate eigenvalues 77(R),7(R) =Rez £ Imz7. Now suppose that

OX | _x*
this pair of eigenvalues has the largest real part of all the eigenvalues and is such that in a small neighborhood of a

bifurcation value R;, () Ren<0 if R<R,, (i) Renp=0,Imn=0 if R=R.and (i) Rern >0 if

R > R..Then, in a small neighborhood of R, R> R, the steady state is unstable by growing oscillations and, at
least, a small amplitude limit cycle periodic solution exists about the equilibrium point. The appearance of periodic
solutions (all depend on the particular nonlinear function &) out of an equilibrium state is called Hopf bifurcation.

When the parameter R is continuously varied near the criticality RC, periodic solutions may emerge for R < Rc (this

case is referred to as supercritical bifurcation) or for R > Rc (which is referred to as subcritical bifurcation) [5-7].
Armed with these concepts, we now concentrate to our main study and investigation.

1.3 The principal investigation
We consider a two-dimensional system X=&(X;R), ReR, X=(X,y)eR? where & depends
smoothly on the real variable parameter R such that for each R near the origin (O, O) there is an equilibrium point

X*(R) with the Jacobian matrix Dfi ()_(*(b),b) having a complex conjugate pair of eigenvalues which cross the
imaginary axis as the parameter b passes through (O, 0). Using complex coordinate zZ = X +1y, the system can be
expressed in the variable zas Z = 5z + Aiz2 + BlzZJrClZZ + M1227+ (1.2)

where A, B;,C;, M, are complex constants. By making a suitable change of variab les the system can be transformed
to a normal form:

W=w(n + L|w|2)+o(|w|4), (1.3)
where w, L are both complex numbers. We write L =D +IiE; D, E € R. The behavior of the system (1.3) is most
conveniently studied using polar coordinate W= re'’. From this we obtain, W= e'%r +ire'?d. Hence
F=rt Re(ww) and O=r? IMm(WW) and then (1.3) implies

r=Drd+o(r?), 0=y +0o(r?) (L4)
Supercritical and subcritical Hopf bifurcation occur accordingas D <0 and D > 0 respectively. If D =0,
considering high order terms we can draw the same conclusion. Now to determine k, we apply the transformation

W=2Z+02° + prZ + 0%, We have
W=2+2022+pZl+p7+2071
=nz+ A122 + BlzZ+ClZ2 + M1222+25z(772 +Byz7) +
pZ(7z + Az%) + p 2(77Z + By2Z) + 20 (777 + C,2°)

keeping only terms upto second order, where cubic terms are neglected other than 227. We eliminate the quadratic
terms by putting

o=—-AIn=iNly, p=-iBj/ly, 6=—1C;/3y.
Then we obtain
w:;7w+(|v|1+iA151/z//—i|Bl|2/y/—2i|cl|2/31//}N2v—v,
We conclude that L =M, +iAlBl/1//—i|Bl|2 /l//—2i|C1|2 /3y .
and
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D =Re(M; +iAB, /y)

-1
=Re(My) -y Im(AB,).
1.4. Extension to three order differential equations
Let us assume that we have a three-dimensional system:

X=&(X) X=(xY2)",(xy,2) eR’
which has an equilibrium point for which there is one negative eigenvalue and an imaginary pair. The behavior of the
system near the equilibrium point can be analyzed by a reduction of the systemto a two-dimensional one, as follows.
First we choose coordinates so that the equilibrium point is the origin and so that the linearised system is

V= pv, =1z
where V is areal variable and Z is complex,and p <0, A =1io.
We can now express the systemas

\'/:pv+ocvz+§vi+yz2 +5zZ+;722 +

2=)7+ pVZ+QVZ+r2° +S2Z+t7% +dz%Z +.....
If the equation for v were of the form V = ov +Vf (v, z) then the plane v = 0 would be invariant, in the sense that

solutions starting on this plane stay on it, and we could restrict attention to the behavior on this plane. What we do
below is to find a change of variables which converts the system into one which is sufficiently close to this form. We
try the change of variables

v=W+az? +bzz + az2, where b is real.
We obtain
W= pw+ paz? + pbzz + paz? +oawz +aWz + y 22 + &Z +7 7° —2aiz? - 2aAz?,
neglecting terms of order 3 and higher. Then if we choose
a=y+Qioc—-p)
and b=-06+p
We have W= pW+ oWz + aWZ +...
which is of the desired form (as far as of second-order, which turns out to be sufficient). Putting W = 0, in the equation

for Z, and retaining only terms of order second and those involving 227, we obtain
. o - po -
s=qz+r+sz+tz2 4| 2P0y A L4222
o, 20— p

and using the two-dimensional theory we obtain

- po irs
D = Real partof P + _qy +d+—|
P 2ic—p o
Supercritical and subcritical Hopf bifurcation occur accordingas D <0 and D > 0 respectively. If D =0,
considering high order terms we can draw the same conclusions.

1.5 Our main study
For our main study we consider the Lorenz model:
dx_ kx+Ky. d_ XZ+ pX—y dZ—xy gz (1.5)
dt "t " dt ' '
For our purpose, the parameters are fixed as in the Lorenz model as given below [8]:

8
k=10, p=28, q=—
p q 3
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With these parameter values the equilibrium points (xi*, yi*, Zi*), i =1,2,3 ofthe system (1.5) are given by setting the
left-hand sides zero and solving the resulting system of equations, to get

(x =0, y; =0, 2 =0),
or (x, =—8.485281374238571, y, = —8.485281374238571, 7, = 27.000000000000004),
or (x5 =8.485281374238571, y, =8.485281374238571, 75 = 27.000000000000004) .

Out of these equilibrium
points (X3 =8.485281374238571, y, =8.485281374238571, z5 = 27.000000000000004)
is suitable for our purpose.

* *
et us take a linear transformation which moves the equilibrium point to the origin. We take U=X—X3, V=Y — Y3

and W=2— Z;. Then the system (1.5) becomes

?j—ttjz—k(u+x§)+k(v+ y3)=0u—10v +10w (1.6)
ﬂ——(u + x*)(w+ z*) +r(u+ x*) —(v+ y*)
at 3 3 3 3 (17

=-5.68434 x10 v + u(l— w) — 8.48528w

dw * *

—=U+x*)(vV+ -q(w+z

at ( YV +y3)—q( 3) (1.8)
=-5.68434x10 Vv + u(1— w) — 8.48528w

The matrix of linearized system is then of the form

-10 10 0
G= 1 -1 —8.485281374238571
8.485281374238571 8.485281374238571 - 2.6666666666666665
The eigenvalues p, A, A, of M are
p =-13.854577914596039,
A =0.09395562396468556 +10.194505220927851i,
Ay =0.09395562396468556 —10.194505220927851i

p 0 O
Let us take H=0 4 O
0 0 4

as the diagonal matrix. Then we
0.718386 —0.00173992 —0.188787i 0.00553639 —0.600717i

obtain G *H =| —0.667072 —0.00173992 —0.188787i 0.00553639 — 0.600717i
0.163278 —0.0110728 —1.20143i 0+0i
In order to make the linearized systeminto a diagonal form, we make the coordinate change by G_lHW, where U is

the column matrix, W =[f,g,h]" .
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Now
(0.718386 + 0i) f  —(0.00173992 + 0.188787i)g (0.00553639 — 0.600717i)h

G 'HW =| (-0.667072 + 0i)f — (0.00173992 + 0.188787i)g (0.00553639 — 0.600717i)h | Puttin
(0.163278 + 0i)f  — (0.0110728 +1.20143i)g (0 + 0i)h
u = (0.718386+ 0i) f —(0.00173992 +0.188787i)g + (0.00553639 — 0.600717i)h,

v = (~0.667072+0i) f —(0.00173992 +0.188787i)g + (0.00553639 — 0.600717i)h,

w = (0.163278+0i) f —(0.0110728+1.20143i)g + (0+0.i)h
in equations (1.6) and (1.7), we get

2—‘: —10((~0.667072 + 0i) f — (0.00173992 + 0.188787i)g + (0.00553639 — 0.600717i)h)
+10((0.163278 + 0i) f — (0.0110728 +1.20143i)g + (0 -+ 0.i)h)

4V _ 568434 x10714((—0.667072 + 0i) f — (0.00173992 + 0.188787i)g + (0.00553639 —

0.600717i)h) + ((0.718386 + Oi) f — (0.00173992 + 0.188787i)g + (0.00553639 — " nally:

0.600717i)h)(1 — ((0.163278 + 0i) f —(0.0110728 +1.20143i)g)) — 8.48528((0.163278
+0i)f —(0.0110728 +1.20143i)Qg)
under the stated transformation (as described in General theory) the systembecomes

‘;—‘: =-7.18386f +0fg +0 fh +0g? + 0gh + (—0.0553639 + 6.00717i)h? +... (1.9)

% = (0.099556 +10.1945i) g + (0.00823861 + 0.893918i) fg + (~0.000903969 — 0.0980837i) fh

+(0.226796 — 0.0041808i)g 2 + 0.721783gh + 0h? + 0g2h +... (1.10)

From above, we obtain
p = Coefficient of f in (1.9) = — 7.18386,

p = Coefficient of fg in (1.10) = 0.00823861 + 0.893918i,

0 = Coefficient of gh in(1.9)= 0

q = Coefficient of fh in (1.20) = —0.000903969 — 0.0980837i,
¥ = Coefficient of §%in (1.9)= 0

d = Coefficient of g*hin (1.10)= 0,

r = Coefficient of §%in (1.10)= 0.226796 — 0.0041808i,

S = Coefficient of gh in (1.10) = 0.721783,

o =Imaginary part of eigenvalues = —13.854578....

Using the above values we can calculate the value of k as
- po irs
D = Real partof P + _q7 +d+— |
p 2ic-p o
~ —0.000217807
Hence, we have a supercritical Hopf bifurcation. Of course, this bifurcation is stuied in a rigorous manner. Similarly,

we can study the Hopf bifurcation of a given systemfor different values of the parameters.
[Forall numerical results, used in this paper, the Computer package “MATHEMATICA” is used]

Issn 2250-3005(online) November| 2012 Page 75




A =

\ ==
ONUINE PEER REVIEWED JOURNAL International Journal Of Computational Engineering Research (jjceronline.com) Vol. 2 Issue. 7

International Journal of Computational

g

2. Conclusion:
We think, our method is quite suitabale for obtaining hopf bifurcation for any order nonlinear differential
equation, if hopf bifurcation exists.
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